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ABSTRACT

This report contains a description of conformal-mapping procedures that

can be used to generate computational grids for turbomachinery flowfield cal-

culations, and to determine the incompressible potential flow on such a grid.

The mapping procedures represent an extension of the Ives transformation to blade

rows having a high solidity. The flowfield solution takes advantage of the fact

* . that one of the mapping steps takes the blade row into a unit circle; by writing

down the classical source/sink/vortex solution in this circle, it is possible to
find the incompressible potential flow in the original cascade. This solution

is of interest in its own right, and provides a useful initial condition for - -

iterative or time-marching calculational methods. .... /,. .
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FOREWORD

This document contains a final report of research done on Contract No.

F49620-83-C-0096, entitled "Research on Turbine Flowfield Analysis Methods".

The initial effort was presented in an interim report (Ref. la), and a re-ent

summary was given in Ref. lb. Technical effort was curtailed for a perir I of time . i

when the Principal Investigator (Dr. W. J. Rae) became a member of the culty -. :i

in the Department of Mechanical and Aerospace Engineering at the Stat tiversity

of New York at Buffalo. Arrangements were made to resume the effort L e

University on a subcontract basis and a no-cost time extension through e end

.... of 1984 was granted to facilitate completion of the program. The progr. remained

under the direction of-Dr. Paul V. Marrone, Head, Physical Sciences Depa. .ment,

Calspan ATC.

This document contains the completion of the work initiated in Ref. I.

The results presented make it possible to generate computational grids for ".,

" . cascades of high solidity, and to calculate the imcompressible potential flow

on such a grid.

• .;.j...

Ia. Rae, W.J., "Revised Computer Program for Evaluating the Ives Transformation

in Turbomachinery Cascades" Calspan Report No. 7177-A-1 (AFOSR Report No.
TR-83-1284) July 1983

lb. Rae, W.J. (State University of New York at Buffalo) and Marrone, P.V.
"Research on Turbine Flowfield Analysis Methods" Calspan Report No. 7177-A-2

April 1984
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Section 1

INTRODUCTION

Some of the most important recent advances in computational fluid

dynamics have been made possible by the use of algorithms which solve the

equations of motion in boundary-conforming coordinates (see, for example, Refs. *

2-4). Thus, the development of methods for carrying out these coordinate trans-

formations has received considerable attention (for example, Ref. 5).

The field of turbomachinery flows has been the object of a major fraction of

this attention, partly because the constraints imposed by internal flows make

the application of certain contemporary algorithms more difficult than is the

case for external flows. In particular, the presence of non-orthogonality or

shearing in the computational grid tends to make the algorithms less stable, and

the solutions are more sensitive to the methods used for treating, in the com-

putational plane, the regions corresponding to trailing edges and the points at

Upstream and downstream infinity. References 6 & 7 are typical of one ap-

proach to the resolution of the latter class of problems. The net conclusion

drawn from that work is that there is a need for improved grid-generation tech- '"

niques for turbomahcinery, particularly with respect to the treatment of

trailing-edge regions and -to the achievement of orthogonal grids.

The grid-generation methods in use today can be grouped into three

categories: those which apply algebraic shearing or stretching of the coor-

dinates, those which are generated numerically by solving a Poisson equation,

and those which are based on conformal mapping. The current research is con-

cerned with an example from the third category, namely the transformation intro-

duced by Ives and Liutermoza. '9,10 Attempts to use this method, as reported in

Ref. 7 encountered the problem of non-orthogonality, especially when applied to

the high solidity blade rows typical of present designs (slant gap/chord ratios

on the order of 0.7 or less). The primary goal of the present research was to

extend the Ives-Liutermiza technique so as to apply to turbine blade rows of

high solidity.

.. - ' ,
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As the first step in achieving this goal, an Interim Report was

prepared, documenting a number of improvements that had been made since issuance

.. of Ref. 9. The version of the method presented in Ref. 1 also segregated the

portions of the method in which the improvements, to achieve orthogonal grids

at high solidity, were to be made.

The principal modification contained in the present report is the re- .

placement of the Theodorsen-Garrick mapping (used as one of the steps in Refs.

1,8-10) with a derivative form, as suggested by Bauer et al Use of this

replacement makes it possible to handle blade rows of high solidity. In

addition, a further step involving the Schwarz-Christoffel transformation can

be used, to generate a fully orthogonal grid. These new developments are de-

scribed in Section 2 (along with an updated version of Ref. 1, and 8-10, for

completeness).

The potential flow through a cascade of blades can be written down

algebraically, once the cascade has been mapped into a unit circle. This in-

I * formation has been added as Section 3, using one of the mapping steps in which

the blade-surface image is mapped into a circle.

The final sections contain a description of the computer code and -'-'

comments on its range of applicability. :7

-0

2 I'

-~., ... ,-

* **. .. . ",'

.. . . . . . **%* -*,,." .°



Section 2

CONFORMAL TRANSFORMATION METHOD

The method of Ives & Liutermoza consists of a sequence of transforma-

tions, which map a two-dimensional cascade into a rectangle. The notation and

coordinate system used to define the cascade are shown in Fig. 1. The X-co-

ordinate is measured in the axial direction, and is perpendicular to X

.- 

Z 
ZT E 

.:::

T

Figure 1. Coordinate System -.

The quantities s n. and the angle ' denote the "streamwise, normal" coordinates,

* - in terms of which the blade profiles are sometimes .defined. These reduce to

the ) , 4 set if H is taken as zero. The origins-of both of these coordinate

systems are arbitrary.

These coordinates define complex variables and ,

- The points ZN and ZT are taken anywhere near the centers of curvature of the

leading and trailing edges, while ZLE and ZTE are points which divide the

* "pressure" side of the blade (i.e., its concave surface) from the "suction"

side (its convex surface). These points can be chosen anywhere on the

3
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leading- and trailing-edge contours; ZTE is the point that will be connected

to the "point" at downstream infinity by one of the grid lines, if that option ~

is chosen (i.e., ISHEAR=l).

For the case of a sharp trailing edge (ITE=O), ZT must equal ZTE,

and for a sharp leading edge (ILE-O), ZN must equal ZLE. The included angle

at a sharp trailing edge, T~ must be specified. This is illustrated in

Fig. 2, for the cascade used in Ref. 7.

IQ

Figure 2. Blade Geometry of Ref. 7

This blade row uses the NACA 65(12)10 profile, has a slant-gap chord ratio

~'c ~.J ,where Sc.; is the slant gap '

4~



L P, - - --j I*

S (2-2) lee,

and a stagger angle 3 of 28.4 °. This geometry is used, below, to illustrate

the steps in the Ives transformation. A comparable set of illustrations, for

a cascade of turbine blades with rounded trailing edges, is given in Ref. 10. ,

Figure 2 shows the relation between the trailing-edge angle T and an

exponent Ex (which is used in one of the transformation steps described below).

This relation applies only for a sharp trailing edge. For a rounded trailing

edge, Ex is not related to the 180-degree trailing-edge angle, but is chosen

as a number in the range 0.2 to 0.4, as described below.

The blade shape is input as two tables of coordinate pairs, one for

the pressure surface, and one for the suction surface. These coordinates, plus

the leading- and trailing-edge points ZLE and ZTE are then arranged in an array
indexed by KJ, where KJ=l at the trailing edge, and where the numbering pro-
ceeds around the pressure side to the leading edge (KJLE), and then along the

suction side to the trailing edge, where the point denoted by KJMX is a repeat

of that denoted by KJ=1. This notation is shown in Fig. 3.

(KJT KJLE) E

Figure 3. Notation for Blade-Surface Coordinates

The quantities US and JP need not be equal; they are limited to a maximum

value of 80 by a dimension statement in the current version of the program.

The first step in the Ives transformation is '"

** . .-.- ..__ __ _. . ..___ __ __ __ __ _



Z

AA~L- = __(2-3)

Z'1 1%

The fact that only differences of Z -values are used is what accounts for the

arbitrariness of the origin in Fig. 1. On the suction (S)and pressureCP)

sides, the function P )has the Fortran equivalents:.

F ~D (K)~ 'rMS (K)

q(Z) TP (K) (2-4)

The arguments of the sine functions can be written in a simpler form,

as follows: ~(/~ Az (9LI7
H3-

(2-5)

*where 69 stands for Z-Z. or 2-2, in the expressions for and 43,respectively.

- By noting that (see Fig. 4) ~7

4 +

(Y-"

Figure 4. Coordinate Relations

64



it follows that

7r -( -{ S S)Ai.., n~'+&1-4t+ E (n - 1 (S Sr) " ]
7 - (2-6)

Similarly,

4 - .- ~~- (2-7) . .

1;3 S

Thus the function can be written as

3where 4

The shape of the blade-surface image in the g-plane can best be

illustrated by considering a cascade of airfoils consisting of flat plates

with circular leading and trailing edges:

Z2r

FIGURE 5 NOTATION FOR FLAT-PLATE CASCADE.

7 -



For points , that lie on the circle at the trailing edge, the corresponding

location in the a -plane, to first order in . , is

Ie

m where - A

The variation of with / and '/ C is shown in Fig. 6. For points .

that lie on the circle at the leading edge, the corresponding relation, to first

order in r. , is

-r rj A

Along the upper surface of the flat-plate portion of the airfoil, the coordinates

in the physical plane have the values:

L -

where r is measured from . and T from , , and

The resulting formula for shows that at midchord (i e. (' C/.) G- . -'-T.' .' .

These general features of the j-plane are shown in Fig. 7, for a

negative stagger angle. Note that a clockwise path around the airfoil, starting

from the trailing edge, leads to a clockwise path around the small circle in the

-plane, followed by a transit to the large circle along one side of the flat-

plate image, and then a counter-clockwise path around the large circle, and back

8
.° -
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to the small circle along the other side of the flat-plate image. For blades

, of finite thickness, the flat-plate image becomes a pair of lines, which fair

* ~smoothly into the large and small circles. ?~i
• ':Q•

In writing the polar angle of any point in the 5-plane, care must

be taken to retain continuity across the cut (along the negative real axis)

that is used by the FORTRAN ATAN2 function. This is achieved by writing:

alArA ri.; I4I A C1' CE ~AL(' + z '_ _

. where the 'branch number' BR is set equal to zero at the trailing-edge point

gTzI (or KT--Zfor a sharp trailing edge) if the value returned by ATAN2 at this

point is positive (and 54 is set equal to -1, if the value returned is negative),

and where C3,Z is incremented/decremented each time the branch cut is crossed

; in the counterclockwise/clockwise direction. For a sharp leading edge, the

.. increment occurring at the leading-edge point must be added specifically, since

the radius of the large circle in the 7-plane is infinite for this case.

The next step is the exponentiation, defined as:

2/ E < 1/ (2-8)in.- . - -; = XNV - ...
r" EX

*The result of this step is shown in Fig. 8, for the cascade depicted in Fig. 2.

The value of E Y for a sharp trailing edge is fixed by the angle ; for a

* round trailing edge, a value of 4)( in the neighborhood of 0.2 to 0.5 will

usually reduce the variation of C -a so that the resulting curve in the -a-

plane will have a polar radius that is a single-valued function of a,.A near

the trailing edge.

The next transformation is a bilinear one, whose purpose is to produce

a curve in the W -plane that can be mapped into a unit circle in a subsequent

step:

4L-b-
"-'; - C. (2-9)

". ,e-b 1 -- "':"CC

. '... ,._
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where a., b , and C are complex constants. Three conditions must be assigned,

in order to evaluate these constants: Ives suggests,8 for two of them, that

the images of upstream and downstream infinity be mapped into ± 1 As

the third condition, he recommends that the centroid of the blade-surface image

in the W -plane be forced to be close to the origin. This condition was applied

. -in Ref. 9; however, it has been found simpler to impose a condition on the

ratio between the maximum and minimum radii in the W -plane, as outlined below.

S-.. The calculation of the centroidal location has been retained in the present

code, for informational purposes. (Details on how this is calculated can be .

found in Ref. 9).

The locations of the images of upstream and downstream infinity in
* I"[ the - and l -planes can be expressed as follows: in general,

AAL- (I - jT-)~l O4 ('-"rI*
A-;- NIL - V' -

As y---cwat finite (see line~of Fig. 9), the large-argument approximations

to the hyperbolic functions give .

Similarly, as t-,twat finite (see line of Fig. 9), the corresponsing -..

limit is

7~i~ ey~V

These are written as

-X.K e ( K

e (2-11)

13
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where

X. K -; 3,{ ,_ ) T J )

Thus
. •/AI %r , t Z ,~ I /K -z ..& i ." . .

-2 2 ~~~1 -e e (2-12)

Note that

+

The constants a-and b can be expressed in terms of C by the two equations:

C- -1-b ° -"

The solution is:

-2C + .A -9.+ .tl
b - ~~ --- ) -- ,.-.

aC
.. /% . ._.....'.- -'

A~ a7

where E and F are known quantities:

n2 +.a" FE 2-F=

It .-I
-a >....

.° .- %15

r % °
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In terms of the parameters E , F , and c , the transformation can be written

as

,- -¢+ (Ea-F -CL (2-15)

c --

(q,,o F)c - E
W, + ) (2-16)o F + Ec .-- "

The latter relations can be used in an iteration procedure to find a value of

C that will minimize the ratio RMAX/RMIN, where RMAX and RMIN are the maximum

and minimum values of IWI over the set defined by J=l to KJMX. The iteration
process is as follows: on alternate iterations, values of C are chosen that

will either reduce RMAX or increase RMIN. This is done by solving Equation 2-16

forC:
. 'a w + E - r n .'..;; ' ,:CW 

(2-17)
w + F - En

On the first iteration, C = 1 + is used; the values of RMIN and the index

KJ=KJMN at which it occurs are then found. Next, a new value of C is calculated,

using Eq. 2-17, such that the new value of W (KJMN) will equal 1. 1 times the

value just found. For this new mapping into the WJ-plane, the value of RMAX

and the index KJ=KJMXX at which it occurs are found. For the third iteration,

a value of C is used such as to generate a new value of W' (KJMXX) equal to .-- ,

0.9 times the previous one. This alternating cycle is then continued until

the ratio RMAX/RMIN is less than the tolerance RTOL. This tolerance is assigned

a default value of 3.0; values up to 6.0 have been handled successfully by the

subsequent steps in the transformation.
I

The iteration on C can be bypassed, if C is already known, by setting

" IGOT=I and reading in the value of C Figure 10 is thetu)-plane for the cascade

shown in Figure 2.

. -, -.....-....... .
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Next, the blade-surface image in the LJ-plane is mapped into the unit

circle in the -5 -plane with the trailing edge at I by either of two methods.
.4

The first is the Theodorsen-Garrick transformation:

+ (2-18)

To determine the coefficients, the values of w and 4 on the blade surface

are written as

=4 r(, (2-19)

* Then the real and imaginary parts of the transformation are

r B'~ - (2-20) I.Al1
- p+B,+~(2-.21)

FIUR 1 INRSI CORIAE

U1

I. ..
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The coefficients are then determined by the following iteration procedure:

an equally-spaced array of values of 0 is set up, and all the coefficients

ar,- initially set equal to zero. Then the second equation gives 9 = 4 as

the first approximation for 9 . For each of these values of 9, a corres-
0 ponding value of k' r can be found, from a spline fit to the coordinates of

the blade-surface image in the w-plane. These known values of 1"r are then

used in the first of the equations above, to find the next approximation to

the tP and 8 coefficients. These coefficients can then be used to give the -"

next approximation to 8(c), and the process is continued until convergence

is reached, to some preassigned tolerance. Fast Fourier transform tech-
12

techniques can be used in the processes of evaluating the second equation, for

known values of the coefficients, and of determining the coefficients from

the first equation with known values of -,, r . These techniques were applied

in the present calculations. The details are given in Appendix A.

Sufficient conditions for convergence of this iteration process
13

have been discussed by Warschawski. For the present case, these conditions

are not met; in particular, it is required that the maximum and minimum values

of r (e) obey the relation:

- 1 0.2q5 or < 1.&,78.
Re-uN Pt-uN

This condition is seldom met in practice. It was found., however, that the

iteration process would converge if. a relaxation parameter was used. i.e.,

12. Cooley, J.W., Lewis, P.A.W., and Welch, P.D., "The Fast Fourier Transform
.. Algorithm: Programming Considerations in the Calculations of Sine,

Cosine and Laplace Transforms", Journal of Sound and Vibration 12,
(1970) pp. 315-337. - .". -

13. Warschawski, S.E., "On Theodorsen's Method of Conformal Mapping of

Nearly Circular Regions", Quarterly of Applied Mathematics 3, (1945)
pp. 2-28.

20
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if a relaxation parameter was used, i.e., the values of 6 called for by the
* 4.

second equation r called J - were not used in the first equation, but were

replaced by n = 0.1 9 + 0.9 & With this relaxation factor, the -
V:new old'

S"iterations were convergent: after 68 iterations, the maximum change in any

of the values of e was less than 10-2 radians. The variation of C with 0 is

shown in Fig. 11. Calculations for other cases, not shown here, have required

relaxation factors as low as 0.02 for convergnece. A recent review paper by

Henrici (Reference 14) calls attention to the applicability of under-relaxation

in this problem.

When the solidity is high, the curve of 0 vs becomes extremely steep;

typical results, for a gap/chord ratio of 0.8, are shown in Ref. 10. For such

cases, a preferable approach is to use a derivative form of the transformation

,. -. V

-i To determine the coefficients, the WJ -plane is expressed in terms of the intrinsic

coordinates V and /I , where S is arclength measured from the trailing edge,

' and is the angle between the real axis and the tangent to the curve (see Fig. 12). .

" The relations between the intrinsic coordinates and the polar angle in the

* ~ ~~ -plane are: . 4

since c4 and

" If the Fourier coefficients are written as

+I

•.- ...- ..

Then the basic equation can be split into its real and imaginary parts as: ' "..

14. Henrici, P., "Fast Fourier Methods in Computational Complex Analysis",
.-"SIAM Review 21, (1979) pp. 481-S27. ".

r [21
e",• • •. . " °-
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The coefficients are then found by the following steps:

1. and S are found from the numerical data that define the

blade-surface image in the c.j -plane

2. A first guess at / -'/d?( is made, at equally spaced points

ton the unit circle in the -plane.

3. The corresponding values of the arclength are found, from

4. A spline fit of the 5 data is used to evaluate, at the

equi-spaced -values, the quantity:

5. The Fast Fourier Transform is then used to find the coefficients

which fit the data of step 4.

6. These coefficients are then used (again with the FFT) to

evaluate the next approximation to / i , and steps 3

through 6 are repeated until convergence is achieved.

The details of this procedure are very similar to those involved in

the Theodorsen-Garrick technique; the FFT steps described in Appendix A can

be taken over, with only minor changes.

This procedure was found to converge in 15 iterations (to an arclength

error less than .03) without relaxation. The resulting variations of 5 and/.

with + are shown in Figure 13.
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-', The next transformation is

="- (2-22) V. ,

where ct., , and 5 are chosen so as to place the images of e = ± o at

= S , while the blade surface continues to be the unit circle. These images

, are located, respectively, at W t+I, and z - z;,t. Explicit formulas -',

for -, /3, and in terms of and ;, are given by Ives8 as

2 + 2

+~~ X.'-:.-.T

2 [ 4 4.. K +*
_4a ) + (4R+ 48) -214R

4,9 
(2-23)
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Mokry (Reference 15 1 has pointed out that the formula for Jcan be simplified,

as follows: define

I I

C - i cI -

;. - . ". .-.S c

.ci:.. ::.

--- (2-24)

The computer program described below does not use these simplifications.

Next, it is necessary to find and 48 given w 1. This
R+

was done by Newton-Raphson iteration:

where for the Theodorsen-Garrick procedure

-oo*

- -w. ~(A.-o 1 ) 4

Z;~~~~' .r(94-j84

15. Mokry, M., "Comment on Analysis of Transonic Cascade Flow Using Con-
," formal Mapping and Relaxation Techniques", AIAA Journal 16, No. 1,

(January 1978) p. 96.
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In order to find an initial guess for , a preliminary calculation was made,

for

I21 - 0.49 (.1) 0.99, arg = -600 (100) + 60m

From this set, the value of ; which gave wnearest to +1 was chosen as the

.-. initial guess. This set was then repeated with 4 replaced by - , to obtain

the value of that gave ej nearest to -1. The locations of key points in the

* '. and 1Z planes are shown in Fig. 14.

". When using the derivative form of the ., transformation, it is

*i _- necessary to integrate the derivative '/A ; this was done using Simpson's

*.. Rule, starting at the trailing edge: ,

The equations used in this case for the Newton-Raphson procedure are

S+

26 .--..
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When the values of and are known, the blade-surface-image points '

can be mapped from the 2 -plane to the I? -plane. In both planes, these points

are located on unit circles, so it is only necessary to interpolate in Fig. 12

to find the24 -values for the points defining the blade surface. This is done

with a call to the spline-fit subroutine, and the values returned by it are

replaced by linear interpolation in regions where the G, P curve is so steep
" that the spline fit returns non-monotonic values.

The final transformation now uses an elliptic function to map the

unit circle in the q -plane (with cuts along the real axis from t 5 to the

" circle) into a rectangle:

q 5 = 5n(, (2-2S)

where the parameter k is given by

k 2 " -(2-26) .,

-- - . .

................................................................. ..-.-.-
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Figure .14 The 2; and '~Planes

The inverse of this transformation is

v'FC~' ,~*ta'(2-27)

This latter transformation is usedto find the images, in the -plane,.of
the lad-sufac poits.Thi reuirs anexpesson or te ral nd mag

inary parts of the incomplete elliptic integral of the first kind; convenient

16
formulae for this purpose are given by Nielsen and Perkins who show that,
if

+ (2-28)

then L
=~ i -A'~,& i-F(i ) (2-29)

where .- ,I

A ~ /-#/ - 'V-S 4 (2-30)

16. Nielsen, J.N. and Perkins, E.W., "Charts for the Conical Part of the
Downwash Field of Swept Wings, at Supersonic Speeds", NACA Technical
Note 1780, (December 1948), Appendix C.
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and where F ( . )denotes the incomplete elliptic integral of the first
kind, with real arguments X\ and o- given as functions of Z, & andA ..

Ro I [ T #' 2.+ S2 11 -,r a)+ 6 ' + 2 + 2T4)' [+ +

+ 2+24r +46 4, -k 'r'

+ 2-X L a 1/ z+ Sa -X+ 1 XV + a (2-31) K

These formulae are equivalent to those following Eqn. 115.01 of Byrd and
17

Friedman; the formula for Xhas h~een rearranged slightly from the form
given by Nielsen and Perkins, to avoid the occurence of negative values

under the square root sign, which can sometimes happen in the numerical evalu-
ations when 6 - 0 . These formulas are correct along the branch cuts,
where 6 -0 and Iq/J > 1

Numerical evaluations of these elliptic integrals were done using
twelve terms in the formulae of Luke: 1

-A:' to --- C

SFj~-& .. [~ 2 (2-32)

* 17. Byrd, P.F. and Friedman, M.D., Handbook of Elliptic Integrals for
Engineers and Physicists. Springer Verlag, Berlin (1954).

18. Luke, Y.L., "Approximations for Elliptic Integrals", Mathematics of .~

Computation, 22 (1968) 627-634.
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where Tr/2
< /2, ,,. 7 - . .,2O..', e, = . -/5.-

Or-,

For the case where P-" =Z2 (the complete integral) the approximate formula is

120 (2-33)

The signs in the formulas above pertain to the first quadrant in
the ri -plane (r > 0 0 0) which maps into a rectangle in the first quad-

rant of the E -plane, with sides located on the lines

.C -
e K(A)

2 V 7 - (-. (2-34)

The remaining three quadrants in the q-plane map into the remain-

ing three quadrants in the 4 -plane, as described in Reference (19), p. 377; the

cuts from .tS to the unit circle along the real axis become the left and
- right sides of the rectangle in the F -plane:

19. Erdelyi, A., et al. Higher Transcendental Functions, Volume 2, p. 377,
McGraw-Hill Book Company, New York (1953).
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SFigure 15 The Vtand 4Planes

*Finally, the -plane is re-normalized, so as to lie between -1 and +1 on

both axes:

WD(.2-35)-K (k)K ck

A grid is now to be set up in the plane, and mapped back to

the Z plane. This process is facilitated by first rearranging the

*quadrants in the 4-plane, by using the periodicity of the elliptic functions.
as follows: in the first and second quadrants, let 4 ',and in the third

*and fourth let (= + 2 K(k) and use the relations (see for

example, Eqs. 122.00 and 122.04 of Reference 17.
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5n ) -Sv%(9.2K) d= S 6PS7 + K)] Sn[-K-(e+ K)] (2-36)

A

The plane then has the form:

* p-.'°, .. "

.1 k 0

3 CA2(6) 0 K)
- 3KL&) -ZKC?.) - k (k) o (.)"""."

Figure 16 Thel Plane

Two types of grid can be selected in the ' plane: a rectangular one

(if ISHEAR=O) or a sheared one (if ISHEAR=I). The latter is the default.

For the rectangular grid, equally spaced points are assigned, ac-

cording to

,-, ' = . , K- , , . ,x (2-37)

-1~ .... L ) m" . L"" ".. "t ' "=_~ ~ '(A) - Q ' - - 1) A :,, L.,,a, MX ::-::

where

4 )K '(-A)--=. K __ r a :::::::

a I X -I ' i tTx'- I(2-38)

Becuase the mapping is conformal, the images of these grid lines will intersect

at right angles when mapped back to the physical plane.

The rectangular grid has the property that in general the trailing

edge is not connected, by a grid line, to the point at downstream infinity.

However, such a connection is a desirable feature in certain flowfield codes

32



(see Ref. 7, for example). To allow this feature, the ISHEAR=l option

establishes a sheared grid, consisting of the same lines as above, but

replacing the K .) lines by a set of parabolas which intersect the blade

surface at 90 degrees, and are displaced from a base parabola that connects

the trailing edge to the image of downstream infinity:

This grid is given by

= ' (T ) T -") '+ (K- 1)

K- ,a.2, P )<MX (2-39)

L,..... :.".
-, .--.,.,frX

where

2

Const -- .. [KJ

*4 [3 (* + 4(TE)] ~ 'T )(2-40)

Some points on these parabolas will lie outside the range

When this occurs, equivalent points are found by adding or subtracting 4 K4(4)

the period of the elliptic sine. In addition, the base parabola is always

joined to the lower-left corner of Fig. 15, by subtracting 4K(i) from the

real part of if the latter is greater than -/<(-)..

An alternate method oi joing the images of the trailing edge and down-

stream infinity, while retaining an orthogonal grid, is described in Section 4.

It involves use of the Schwarz-Christoffel transformation.
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This completes the definition of the grid in the -plane. Each

I u of these grid points must now be mapped back to the physical plane. The 0
first transformation is: "

, 2"s,,( ; s) = S"sC '; .) (2-41)

The elliptic sine of a complex argument is expressed as (Ref. 11, Eq. 125.01)

Sn (LL, +1 v, &)

1- Sr7Z (,-A') t (" .,) (2-42)

The functions in this expression are evaluated by the Arithmetic-Geometric

Mean method (see Ref. 20, p. 571):

Set """

and then calculate

a ll ( , -V __ --..-'

C,, : .-- (l.,,- (2-43)

until C. = 0 to a prescribed tolerance (10- 7  was used in the present case.)

Then form

a,

2 *a~- --

and calculate (RM, , .. from

= Sn (2-44)

Then the desired results are given by

20. Abramowitz, M. and Stegun, LA., Handbook of Mathematical Functions,
National Bureau of Standards, Applied Mathematics Series 55 (1964).
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oft/

These values of 17 are then mapped back to the -plane
:: ~by"::?:-

,-..Y-' (2-46)

I.B

and thence to the uj- plane by either

= ____2__ (2-47)

- . -

if the der se-or of ri ar transformation is bepped .o e v

and tengce to the p o paune by either of

3 fte Thedosein-grtrat nsfeovrati n e is thbeni u se ra byhen oit

if the derivative form of the de transformation is being used. The values

used for the starting point of this integration are as follows: at first, the s• ~equation is integrated from =-d to "+I , (L' : so as to establish""':'"°a

*the periodic boundary. Then a series of integrations is done, at constant k.-,-..
for Li ranging from the blade surface to the periodic boundary (the values of

* ( and ) on the blade-surface image were found earlier in the FFT procedure)."Th"'"e .tgr.i-s r.

a give These integrations are overdetermined, in the sense that both end points when
•-are known, as well as the. values of the derivatives in between. Moreover, the b

integrations used to establish the end points have been done by several techniques ''"'

."" (among them, Simpson's rule and the FFT procedure) . Thus the integrations from.".:-""..

~~~a given starting point do not always terminate at the desired end point; when.-.--.

this occurs, a small adjustment is made, in the values of the derivatives, so

as to guarantee the proper end points.
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Finally, the value of . is found by inverting;

whose inverse is

/ llll-, -L

The final result of this process is shown in Figure 17, for the cascade of

- Figure 2. This grid was found using the derivative form of the transformation;

a comparable grid found with the Theodorsen-Garrick technique is shown in

Ref. 7.

For higher solidities, the derivative form of the c-," transformation

can be used; Figure 18 shows the grid that results for a gap/chord ratio of

0.5. The grid points calculated for the region near the leading edge have been

omitted from this figure, because they cannot be located with sufficient accuracy.

The basic reason for this loss of accuracy can already be seen at a gap/chord

ratio as high as 1.0 (see Fig. 13): the portion of the blade-surface image

near the leading edge has a nearly vertical slope in this figure. Thus while

the derivative form of the transformation does coverage for high solidities, ".

- the grid which it leads to suffers from a loss of accuracy near the leading

edge.

This loss is aggravated, in the present case, by the adjustment of -:-"

derivatives that is made, to enforce periodicity. Near the leading edge, the

adjustments required become significant, and their cumulative effect is to pro-

* duce a non-orthogonality at the blade surface. Further study is required, in

* order to minimize this problem of inaccuracy near the leading edge.
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Section 3

POTENTIAL FLOW FIELD

It is possible to write down in algebraic form the complex potential

for inviscid, incompressible flow in the ) -plane, and this solution then gives

- the flow in the physical plane. The complex potential is (see, for example,

Ref. 21). --
+ e - 41 /,K"

, .. 
~.-.-.--

,4/(.* ) .7.- V . ...

where and 4 are the velocity potential and stream function, Q and C are

source and vortex strengths, oC is the angle of attack, and S the parameter ,., .
r described earlier. The complex velocity is:

= ---

14- 5" - t - "- -"

The Kutta condition, requiring that s//i.kJ at Yt-E gives the following.'

relation for Cq

-.Z.d.a) .- ,-1

Q~~ ~~~~ K .0C 
, , -..::

,. =7 -=

Putting this back into the expression for 't, , it is possible to find

a second stagnation point (near the leading edge) at

.4- Is 4 4 )+..-: +

" " 2 S (- 5s-e.

The values of C and - are now found from conditions on the velocity

at infinity; in general, the velocity components c4 and U in the K ' plane

are given by:

9-. •

•. . . ... 
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As -e + c, the image in the I-place is 7- - S; then: p

~e

Thus

OU - Qec.E 4 .', - Qe * _ dy 4T a _0

'ri- S Y(- S OLq OCL. d
But

Thus rA d

LA (.- tr~ 4Qe LA -Z/--rL _aic a
By using the approximate form of the A, Ze relation as , -. it is -

"* possible to show that

* _ _ _ _ ,- . ..-

Thus

= z -L r-

* A similar analysis shows that
-. s-.:---

To satisfy the continuity requirement that I( + _c take Q. -/-I-.
Then: U - - z +za &.-.-'

.4, ... . . ,,- Lr -A,- + 1 /(Q V; , L [ -.. -OIL1 GA-.:."" "

(M 1i~7 w- Lr ±6 +. +

40
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These relations are shown in Figure 19; note that o4 is <(0 for positive

incidence.

Once the constants Cq and Q are established, the velocities at any

point in the flow can be found, by using

CA -

Each of the derivatives in this formula can be evaluated exactly. A typical

result is the streamline pattern shown in Figure 20. .

This solution is of value in its own right (especially since it is

found from purely algebraic formulae), and can also be useful as a set of a.

initial conditions for a time-marching or iterative solution of the flow

pattern.

4
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Section 4
ORTHOGONAL GRIDS

It was pointed out above that many current flowfield codes require a

grid, in the computational plane, having the property that the images of the

trailing edge and the point at downstream infinity lie at corners of the grid.

This property is not realized by the Ives transformation; the point at down-

stream infinity occurs at a corner of the -plane, but the trailing edge

does not. The sheared grid discussed in Section 2 is one way to achieve the

desired property, but it has the disadvantage that the resulting grid is not

orthogonal.

The Schwarz-Christoffel transformation can be used, in place of the '..'
shearing, to achieve an orthogonal grid. A number of recent publications(22-25)

have discussed the use of this transformation; its great versatility offers

several possible ways to use it, within the Ives Transformation. For example,

it would be possible to replace the elliptic-integral step between the A and ." d

planes by a hyper-elliptic integral (which is a form of the Schwarz-Christoffel

formula). However, a much more straightforward application has been made here,

namely to map the parallelogram formed by joining the trailing-edge and down-

stream infinity points in the -plane into a rectangle. This step can be

used on other grid generators having similar properties, such as that of Ref. 26,

for example.

Figure 21 shows the parallelogram formed by joining the images of the

trailing edge and the point at downstream infinity in the plane:

TrE

IJ

-3K 0 K

FIGURE 21 PARALLELOGRAM IN THE -PLANE
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The particular values of the coordinates shown on this figure are those peculiar

to the Ives transformation; the method applies to arbitrary locations.

This figure is mapped into the upper half of the t -plane by the
Schwarz-Christoffel transformation:

-M 1-- 14 -A4 AIM.-

where the parameters 1A through 6]) are pure real:

. • . .. , .-..-.-...

The exponents in the above equation guarantee that an integration path along .

the real axis in the t -plane will produce a four-sided figure with the proper

angles. The four parameters -# through L and the complex constant i-

must be chosen so as to produce the desied parallelogram.

It turns out that only two parameters are needed: A can be set "

equal to 66 to -tc ,and & can be set equal to 1.0 . * -

without loss of generality:

A,+,/- -M4r _ ,.

This set of parameters produces a genuine parallelogram, i.e., the lengths of

opposite sides are equal. Thus, all that is needed is to select so as

to give the desired ratio of the adjacent sides, and then set the parameter A4.

so as to give the proper absolute size.

Numerical integrations of this formula can be carried out using the

method of Ref. 22; the integral over a distance At can be written as:

I
t : V

A 4_1
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where

and where tE and P are the parameters: ".

--== -

The length/width ratios of the parallelograms produced by typical cascades are

*. generally 5.0 or larger. Numerical work using the formula above shows that,- .

such ratios require values of that are only slightly larger than 1:

Asymptotic formulas for the lengths of the slant side (called side 1) and the

horizontal side (called side 2) of the parallelogram can be found by taking .

the limit as G-o
-. -, -#,4,- _,AAr -/ )-,+A:-:-

AILL'- I"-L+-1"-",

The change of variable _C y leads to:

-ZL e' 3 (')
irn where (

The leading term can be expressed in terms of gamma functions; using the

relations (Ref 27)

00

r t)r I T ~r r -a

leads to

relation (Ref 2 )Stoat--i
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To find the analogous result for side 2: .

.'. _. (b,. +.6) ( +,e) (b_,) ( , 4*.,...:.:

Let 0

In the first of these integrals, let LL 4- , and in the second, let

this leads to

- 4-0 C

+r +IP 4 . I4TrA Ar I oI +- ~ q.e A.

The first of these integrals can be estimated by an integration by parts,

while the second can be approximated, for 6 =O , as a Mellin transform;

the leading term in each integral is tit6 with the result:

The practical application of these asymptotic formulas is to provide
a first guess at C for a given ratio of the length of the adjacent sides of I 

- -

the parallelogram. Values of 6 on the order of 10-5 are needed, for side -

ratios of 5 or so; these small values required comparably small step sizes

in the numerical evaluations, in order to preserve accuracy.

Once the parameters for mapping of the parallelogram are established,

the next step is make the upper half of the & -plane into a rectangle; this

is achieved by using the same values of and t-1,with = 1/2.

An orthogonal grid can then be set up in the rectangle plane, and

mapped (numerically) to the -& -plane. This grid can then be mapped, again

numerically, from the t -planeto the parallelogram in the -plane, and

then back to the physical plane, as explained in Section 2.
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Section 5

METRIC EVALUATIONS

The coordinate transformation enters the flowfield solution algorithm

* only in the metric derivatives. These can be evaluated by differencing the

- coordinates themselves, or in the case of a conformal transformation, by evalu-

ating the analytic expressions for them. These analytic expressions are derived

in Ref. I, and the code listed in that report contains the Fortran statements

required to evaluate these expressions. However, as pointed out in Ref. 7,

* the truncation error resulting from the use of analytic metrics in the finite-

difference flowfield code is large enough to cause major instabilities in the

" "- solution algorithm. It is highly preferable to use metrics that are found by

differencing the coordinates in the same manner as the flowfield variables are

differenced. A program to achieve this, for the grid conventions used inI

Ref. 7, is given in Appendix D.

" '-4..j
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Section 6

COMPUTER PROGRAM

A listing of the computer program is given in Appendix B, and a

dictionary of variables is given in Appendix C. This section contains a

general description of the program, plus some specific details. .

In order to handle complex arithmetric, all variables beginning

with the letter Z are declared to be complex by an implicit type specification

at the beginning of the program.

The input is generally described by comment cards in the deck. Cer-

tain blade-shape parameters must be read in: EX, G, H, ZLE, ZTE, ZN, ZT. Also,

if IGOT=l, ZC must be read in. The blade shape itself is defined by pairs of

coordinates in the S , n plane - KJS on the suction side and KJP on the pressure

side. In the version shown here, these were read in as a table in subroutine

SHAPE.

The blade surface coordinates are numbered from I to KJMX; point number

1 is the trailing edge, 2 through KJU4 are on the pressure side from trailing

edge to leading edge, point KJLE is the leading-edge point (ZLE), KJLP through

KJMXM are on the suction side from leading edge to trailing edge, and point

KJMX repeats the trailing edge.

The complex sine functions are calculated next; then the iterations

to determine the parameter C are done. The initial guess provided for C is

Ec =It may happen in some cases that a better guess is required:

in particular, it is necessary that the value of C must lie outside the blade-

surface curve in the-f -plane. If it does not, then the interior of this

curve in the-1 -plane is mapped to the exterior of the blade-surface image in

the O-plane. This fact can be seen from the discussion by Kober (Ref. 28

of the bilinear transformation applied to circles.

28 Kober, H. Dictionary of Conformal Transformations, Dover Publications,

New York (1957).

49



,+ + %-#. ,"

~~~After the parameter C has been found, the transformation to the _

• ~plane is carried out, using the fast Fourier transfrorm procedure (see "-"
+, ~Appendix A). The actual calculations of the Fourier coefficients are done -.

,'- in subroutine FFT2, a proprietary program of International Mathematical and

M_ Statistical Libraries, Inc. (IMSL). This routine computes the fast Fourier

.- " . -'

transform of a complex vector o h en fund theatrans of two (here 26

The coefficients of the input vector are given in normal order by the

array named as the first argument of the call; the coefficients of the
ourut vector are overstored in this array, in reverse binary orde r.- and

The subroutine SHUFL is then used to restore this output to the normal order.

The coefficients in the series expression for 4 are determined iteratively

in a relaxation process that is terminated when the maximum change in & falls

F below the tolerance ANGERR, or when IMX iterations are done. If the derivative
form of the transformation is being used, the maximum change in S is required

- to be less than ANGERR.

In doing these iterations, it is necessary to know values of

- ,r at given values of &" these are found by a spline fit in subroutine

CISPLN, which is a straightforward implementation of the formulas given by

Ahlberg, et al.29  Similarly. , at viven values of s is found by a spline

fit.

In certain cases (typically when RMAX/RMIN is large) the calculated
- variation of & with 0 may be non-monotonic; if this occurs, the calculation

should be repeated, with a smaller relaxation factor. The progress of the

4/, iterations is printed, showing at each iteration the largest change in
* and the number of reversals (i.e., the number of occurrences of non-monotonic -

variation). The iterations using the derivative form usually do not display a

similar problem, and converge very quickly, with OM = 1.

29. Ahlberg, J.H., Nilson, E.N., and Walsh, J.L., The Theory of Splines
and Their Applications Academic Press, New York (1967).
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Next, the parameters 4 and are found, starting with "best-guess"

values calculated in the sectors described in Section 2. Once these are

found, the mapping to the rt -plane follows. The calculations that link the

f" -plane and the -plane are done in subroutine OMETA, which suns the

Theodorsen-Garrick series, using complex arithmetric. This subroutine has

been modified slightly from that appearing in Ref. 9, as follows: the previous

code evaluated sums of the form

E5 su P- I _ .

: sua cc (JP) (4-1)

by a sequence of multiplications and additions:

SSUM = Z cc (46) ' &4+ Z cc (("f (93+ Z Cc ( ) (4-2)

The current version uses (Ref. 30, p. 28)

(4-3) ?-e

Finally, the blade-surface image is mapped into the plane, using

the elliptic-function formulas of Nielsen and Perkins16 and of Luke,18 as-I,
U outlined in Section 2. This completes the mapping of the blade surface.

It is now possible to set up a grid in the - plane, and map it

back into the physical plane. This involves straightforward evaluations of

the transformation functions. The only complication is the need to

evaulate the Jacobian elliptic sine (done in subroutine JCELFN).

30. Hartree, D.R., Numerical Analysis, 2nd Edition, Oxford, Clarendon

Press (19S8).
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The calculation of the images of the grid points in the various

planes is bypassed for the points at upstream and downstream infinity, and at

the trailing edge. (The trailing-edge point will be a grid point if ISHEAR=l).
The A -plane locations of upstream and downstream infinity are arbitrarily
assigned to finite locations given by linear extrapolation from the two adjacent ',

* -" L -values.

The point at upstream infinity will be a grid point only if KMX is

.* odd; in this case IOE=l, and the image calculations are bypassed.

Adjustments to the grid-point image locations in the Z -plane are

sometimes required for points on the periodic ouundary (L=LMX) for values of K

• near 1, KMX/2, and KMX. At these points, the formula used in going from the
£L -plane to the Z -plane sometimes cannot distinguish between points that ...--

are separated by H .Cq The problem'can be seen best in the CJ -plane.

(The sketch below is for an even value of KMX; the same picture applies for an
odd value): . *. -..

:.-. ~K Z 4+I -...

'MX PERIODIC BOUNDAR..
K I Mx)

POINT ON THE PERIODIC BOU"DARy

I'.. .-
52
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Note that the same point in the W -plane (and thus also in the . -plane) can

map into either of two points in the Z -plane, which differ by H .G. The

* selection is guided toward the correct value by starting on the blade (L=I)

and working toward the periodic boundary (L=LMX), but it can happen that the

wrong branch is chosen during the iterations. To avoid this, the imaginary
parts of Z and EN are compared, for values near the leading edge, and the

imaginary parts of Z and BT are compared near the trailing edge, and the

quantity Z-S& is added or subtracted (depending on the value of K ) where

necessary.

Finally, the real and imaginary parts of Z are written to unit 7
1 (if PNCHZA=TRUE). These values can be used, in a separate program, to calculate

the metrics of the transformation (see Appendix D).
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.................................................



Section 7

CONCLUDING REMARKS

The method described above is capable of generating grids, and the

associated incompressible, inviscid flow-field, for blade rows with gap/chord

ratios as low as 0.8. Below that value, the Theodorsen-Garrick mapping may not

converge. In such cases, a derivative form of the transformation usually will

converge, but the grid that results may not be useful, in the region near the

leading edge. Further development of this part of the technique is required. L

As a separate mapping step, the Schwarz-Christoffel technique has been

applied to the problem of generating orthogonal grids. Based on the analysis

given above, several grid-generated techniques can now be generalized to give

orthogonal grids. r.

S4*.-...

S• ,...I -.-. '

.' . ,°%
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APPENDIX A
*DETAILS OF THE FAST FOURIER TRANSFORM PROCEDURES

The details given in this Appendix apply specifically to the Theodorsen-
Garrick mapping; with obvious changes in notation, they also are valid for the a

derivative form of the transformation.

Equations 2-20 and 2-21 contain 2Wi2 constants, which are evaluated ~
* ~as follows: first, they are satisfied at a discrete number of points, denoted t.

* - N , K -1, 2$,* ZN (A-1)

where N was chosen to be 64, in the present case. Thus: 1

- A. L ( CA SI~K j ~ +(-KAN (A-2)

* K p+O M 
A 3

*Each right-hand side now contains 2N coefficients. The correspondence between
either of these and the Fast Fourier Transform (FFT) as presented in Ref. 12
is given by the next two equations: consider the expression

2N-1 ~

ZN ~(A-4) .-

where values YC are real, and the-2N values of C () are in general complex,
* but must satisfy the following redundancy condition, in order that the >'.1
* . values be real:

C(A) c C(aN- n) , n a ,,, N-i1 (A-5)

C(0) and C.(N) pure real

* -where the tilde denotes the complex conjugate. When these conditions are

met, Eq. A-4 can be written as

-- (0) +1 (-I) CR

0- 1) At - i (A-6

This form can now be used, in conjunction with Eq. 2-20 or 2-21, to facilitate

- .application of the FFT to the complex form given in Eq. A-4.

A- 1



In the case of Eq. A-2, values of the coefficients R. through AN4

and B, through 8 ,,M are found, from given values of 2& r. This is procedure

4 of Ref. 6, which takes the following steps:

1. Set k A) lo, _ N, --

X ()=-(i) 2 , (A-7)

2.Set X ) =X, X f) 0, ;,...,N- (A-8)

3. Calculate the N -point Discrete Fourier Transform of

j~,(~,)~, 1('t) + ih, (,'Pt (4 -. ,W-, n 0.o, 1,. ,N-.

(A-9)

WN

4. By periodicity, set A (N) A (o)

S. Apply Eq. 34 of Ref. 12, in order to extract 4&n) and A (1-) from (A):

<': , , ) ,PQ (N- z) + Ag (PQ-....--rz,,.-.-
" - O,7, (A-10)

i z(,) lil S*-,) - # '''T I

Note that these expressions use AW f or 0, ,,, N to give (Y) and iq (P)

"-' for nt = O, 1,.., N/.

6. These values of A,(P) and # p) then give C(a.) for the same range:

C() (r) a , o,, ... , N/ (A-il)

N
For the range of rt from 2 + 1 to N- , use Eq. 36 of Ref. 12, with rt replaced

by N - (and noting that t4d - )

C(4t) - (aN- t) (A-12)

NN N + I + N

A-2
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This equation, applied for N - uses 1,and with index
A/ IN---., to get c.(rt) for rL= -' +L+1 , i z " N-i . The process is completed

cyN)eting{# ,(o) - () (A-13)

7. TheQ' and B coefficients are retrieved from: N
[c ] ,:, A[,m

(A-14)j[ IC ] B] 24-.[,.N;-. i  :z .cco, B i :,= a ,,.k , [cp ,, ,.., N-; .-..

At this point, 8, and ON are undetermined. Following Ives, BN is set equal

to zero, and 8. is chosen so as to place the trailing edge at O-0 (this latter

selection of 8, is actually carried out in a subsequent step, noted below).

In the case of Eq. A-3, the fl's and B's are considered known, and I..
are used to evaluate l. Te coefficient B. can be found from

B. + &i  (ON = 0) (A-15)

Actually, it is simpler to evaluate the right-hand side of
- N-Z: ( i% Ai1- % tA -:S:..:...

z (B, .~ ~4 + AA4-n. 4~~,k N~,~..i-7
p (A-16)

and then find B. from

-. q O R 45 ) (A -17)

The actual evaluation of the right-hand side takes the following steps (Pro-

cedure 5 of Ref. 12).: by comparison of Eqs. A-3 and A-6:

1. Set C (o) - , C(N) =

(A-18)
" C L)) B - # it t 1, , N - i

Note that the C 's determined here are different from those used in Procedure 4;

the A and 8' values are the same, but their relation to C is different.

#~ (

2. Values of C- are then used to find A,(n) and 0 : Equations 40 and 41

of Ref.12 are rewritten, using
I 

-- '%%,-

A-3
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i77

Replace byA+ n

C(N+,n) = -(N-,N-') C (N-PL)

Thus Eqs. 40 and 41 of Ref. 12 are

() C( (N-.)

- ["" ),Pft .Oi,.., N/ (A-19)

These are all the values needed for , and Az

3. Find P(,L) ,n-o,.,...,N-? from Eqs. 42 and 43 of Ref. 12:

"", r, .o, N/a (A-20)
49 (N-pt) Aq (rL 4 (ft) i--.-.

This gives, on the left-hand side, all values from rt=o to n-N.

4. Calculate

.' (fl) = 0 N-i (A-21)

Pt WO

S. Finally:

- - B.,--"-'--(A-22)

The first of these equations, with A-o, is used to find B. "-

In order to apply these formulas, it is necessary to have a relation

A-4
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between r and &:

' ̂  K " 1,2, 2N (A-23)

which is found from a spline fit to the blade-surface image in the w- plane.

The discrete Fourier transform and its inverse are given by

-Np

A (r') , X(.) W r , 1,2, A/., N-1 (A-24)

N-.1

.. , -- , I, (n). N - (A=25) . ,'

n r 0

The IMSL routine FFT2 evaluates the second of these, i.e., it returns

"" v', given the values )(fl) To evaluate the first of these, FFT2 is

used with input X(4)/N , and with output interpreted to be jR(n);

this is Procedure 1 of Reference 6: .-

Y A" (i " (-: (A-26)

... , .:,.-.:.....

In the FORTRAN version of these and other procedures, it is conve-

nient to use indices that begin at one, rather than zero, by setting 41 -

(FORTRAN symbol JP). The corresponding table, for example of the coefficient

B., is

.: .....

A-5
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JPB B (JP)

0 1 B0  B (1)

1 2 B 1  B (2)

2 3 B 2  B (3)

N- N Bl B (N)

N N+l B N B(N.1)

In addition, care must be taken with the argument N-i. for example, Eqs.

are written as

ZR (NP) Z ZC,^ (P) + Z CC (N4 aNP)

=~~~~ [cuP c(A/ 4 -NP)1 P
(A-27) j

It can be verified that the quantity N + 2 - NP in the arguments above pre-

*serves the correct ordering - for example when N = 64, and n =0, N-' =(&4)

This would be stored in ZCC(64 + 2 -1) =ZCC(65).

A- 6



Appendix B

COMPUTER PROGRAM LISTING

PROGiRAM RAVES(INPUT,0UTPUT,GRID,TAPE5=.NPtT,TES=0U7PU-T
* TAPE7=CiRID)

C PROGRAM RAVES: THE IYES-LUTERMOZA CONFORMAL TRANSFORMATION FOR~
C TURBOMACHINERY CASCADES (AIAA JOURNALYOL. 5,1977, PP 0-47 - G5-2)
C DOCUMENTATION IS GIVEN IN:
C W. J. RAE, A COMPUTER PROGRAM FOR THE IVES TRANSFORMATICN
C IN TURBOMACHINERY CASCADES, CALSPAN CORPORATION REPORT 6275-A-3,
c NOVEMBER 1980
C W.J. RAE, MODIFICATIONS OF THE IYES LIT- CA CONFORMA~L
C MAPPING PROCEDURE FOR TURBOMACHINERY CASCADES, ASME PAPER~
C 83-GT-1.±S, MARCH '983
C W.J. RAE, REYlSED'COMPUTER PROGiRAM FOR EYALUATING THE IYES
c TRANSFORMATION IN TURBOMACHINER" CASCADES, CALSPAN CPA N
c REPORT 7177-A-1, JULY 1983
C W.J. RAE AND P.V.MARRONE, RESEARCH ON TURBINE FLEAIFIELD

-ANALYSIS METHODS, CALSPAN CORPORATION REPORT 7177-A-3r
*C JANUARY 1985

3 C PLICIT RA(-,-)CMLXZ

I OGICAL"PNCHZA
*-COMMON/TGTNTG/N,flP1, NP2 rN2, NB2,;N\B2Pl TP, PMX, ITP, IK r IN!,K J'!

COMMON/TGCMP,/Z'i,ZW.N,ZI,ZNN .ZA ,ZCC ,ZA1 ,ZA2:-
Ct;MMON/TGDBLE/PBN,OM,OMM,ANGERR,A,B,E,F,THT1,.:HI,"/,Y,BE7A,S,D--,DI
2 :MENSION ZS(80) ,ZP(80) ,ZOMS(80) ,Z OMP(80
DIMENSION RDS(80),RDP(80),THS(80),.THP(80)
DIMENSION RDSX(80),RDPX(80),THSX(B0',THPX(80)
D:MENSION X(lG0)rY(160O),E(160)rF(16:)),THT(I150),
*BETAUS10) S(160)
DCMENSICN PHI(.30),A(65),B(G5),ZCC(65),DR(G5),DT(G5),

* ZA(1G5)r2A1(1S5),ZA2(1S15),
ZEE( 165, ZFF( 165) ,ZSOMO A (165),

* ZXI (10,40) ,ZEETA( 10,40) ,ZETA( 40,40) ,ZOMA(-0,40),
* ZFNL(l10,40) ,ZXY( 10,40) ,ZY)EL( 10,40) ,ZFNP( 1.0,407))

* I! K(7)
DIMENSION ITP(100),ID(36)
DrMENSION XX(50rZ0) ,YY(50,20:>
D 10 I 1,7

NAMELIST/INPUTS! ANGERR,EX,O,H.IGOT,ILE,ITE,KMX',ALP,
*IMX, ;-MX, CM, PNC:HZA, RTOLV ZC ZLE, ZN, ZT, 2~
* IPMX, ISHEAR,KJS,KJP, CIRC,"\S

* C
C --- SET NAMELIST DEFAULT VALUES

B-1
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ANGERR=O.02:
ALP 0.

'LGOT=(0p ..

iTE

K X = 40 , " "
LMX = 10 .
KJS = 20
KJP = 20 j

. !IM = 400.-.-,

ISHEAR = 1
IPMX = . .
NS = 40
PNCHZA=. FALSE.
R- OL = 3. 91

C NOTE: EX, G, H, ZC, ZLE, ZN, ZT, ZTE HAVE NO DEPU'L _1---- ' ES

c (ZC IS NOT NEEDED IF IGOT-0)

READ(5, 103) (ID(1),I=1,36)
103 FCRMAT(18A4)

P1 4.0 *ATAN(1.0 )
TPI 4.0 *PI

P02 P1/2.
, P! CMPLX(PI,O.O )
-= CMPLX(1.0 ,0.0)
ZERO = CMPLX(O.0 ,0.0)
2'MGA = CMPLX(+!.O ,0.0)

I 2ZMGB = CMPLX(-1.0 ,0.0)
Z-.PS = CMPLX(01.,.E-08)
_-.G =CMPLX( I.EIO,1.E1O)

. C READ PNCHZA=T IF (ZA(L),L=1LMX) IS 0O BE PUNCHED FOR ALL VA.'LUES
C OF K, OTHERWISE READ PNCHZA=F
C TGOT = 1 IF THE VALUE OF ZC IS KNOWN. CTHERWISE, IG(3T = 0.
C KMX AND LMX ARE THE GRID SIZES IN THE FINAL TRANSFORMED PLANE.
C KJS AND KJP ARE THE NUMBERS OF POINTS ON THE SUCTION iND R ESF,
C SIDES AT WHICH PAIRS DF BLADE COORDINATES WILL BE INPUT.
r ILE = C OR ! FCR A SHARP OR ROUNDED LEADING EDGE, RESPECTIYELY
C ITE 0 OR I FOR , SHARP OR ROUNDED T,AILING EDG. RESSCTY: Y
C FOR A SHARP LEADING EDGE (ILE=O) ZN MUS' EQUAL ZLE
C FOR A SHARP TRAILING EDGE (ITE=0) ZT MUST EGUAL ZTE 4
C IM IS THE MAXIMUM NUMBER OF ITERATIONS ALLOWED FOR TH,--=_ P:,,"TH'E4"A(,.
C ITERATIONS
C IPMX.NE. CAN BE USED TO DISPLAY THE VALUES OF THETA/S DURINO THE
C PH:/THETA(IS) ITERATIONS, AT THE ITERATION NUMBERS READ TNTO THE
C ITP ARRAY BELCA.
C :SHEAR = 0 -IVES AN ORTHOGONAL GRID. ThE LINES -=r PND K=Kr:X, ,,-

START AT THE TRAILING EDGE, DO NOT GO TO DOWNSTREAM INFINITY,
C ISHEAR = I SHEARS THE GRID UNIFORMLY; I-N THIS CASE, THE K=I AND KM;'\.
C LINES DO GO TO DOWNSTREAM INFINITY.
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O M IS A RELAXATION FACTOR USED IN THE PHI/THETA MAPPING:
c - FOR ICIRC =0, USE 0.1, OR A SMALLER VALUE IF, THE A AND B
C ITERATIONS FAIL TO CONVERGE
C - FOR ICIRC = 1, OM = 1.0 SHOULD BE SATISFACTORY.
C ANGERR 1S THE ANGULAR(IN RADIANS)(/ARC LENGTH) TOLERANCE
C FOR THE PHI/THETA(/Sj TRANSFORMATION.
C 'A REASONABLE VALUE I S .01
C RTOL IS THE TOLERANCE FOR THE MA>(/MIN RADIUS R~ATIO IN THE
C OMEGA PLANE
C ALP IS THE ANGLE OF INCIDENCE, IN DEGREES (NEGATIVE)? IN
C THE ETA-PLANE.
C -CIRC = 0 FOR THE THEODORSEN-GARRICK TECANIQUE
C I CIRC = I FOR THE BAUER ET AL TECHNIQUE
C NS IS THE NUMBER OF STEPS TO BE USED IN THE SIMPSON'S-RULE
C. INTEGRATION OF D(SMALL OMEGA)/D(ZETA) WHEN ICIRO 1.
C

C--READ NAMELIST INPUT DATA

READ (55. INPUTS)
ITP(") = 999
IF (I PMX.NE. I READ(57 102 )(ITP(IP),IP='I7 IPMX")

C
KM1XH= (KMX'-) /2
K -MX L = K M XH
IF(MOD(KM( 7 2) .NE.0) .MLKH-,--

0E= 'iGD(KMX,2)
KOUNT = 0

C
DO 310 K=1,50
Dr, 311 L=',20

U XX(K,L) =0.

Y'((K,L) 0.
31 1 CONTINUE

*310O CONTINUE
*C

C INPUT VARIABLES EX, G, H, ZLE, ZN, ZT, ZTE,
C THE FORTRAN STATEMENTS IN SUBROUTINE SHAPE,

* C AND THE VARIABLES LISTED IN COMMON BLOCK GEOM (IF OJNE IS BEING USED)
C ARE ALL SPECIFIC TO THE BLADE SHAPE BEING USED.

C CALCULATION OF THE BLADE SHAPE

D = CABS(ZTE-ZLE)
CALL SHAPE(D ,H ,G, EX ,ZP ,ZS KJS ,KJP)

53 SURT(H*H+G*G)
ZDA =CMPLX(G/SG,-H/SG)

ZlGAMMA=CONJG(ZDA) *-

A-P ALP*TPI/360.
ZALP CMPLX(COS(ALP),SIN(ALP))
ZAM =CONJG(ZALP)

ZAP =ZALP

WRITE(S, 207)
207 FORMAT(lHl.
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WRITE(S,206) (ID( I),1=1,36)
206 FORMAT(30X,1SA4)

WRITE(6,240) DYH,GEX,S3r
240 FORMAT(//10X1 'BLADE-GEOMETRY PARAMETERS ARE:'

* //5X,1 ABS(ZTE-ZLE) 1

*F10.5 1 ' H = / ,F10.5,' G ',FlO.5, ' EX ='

F 10.5,' SLANT GiAP =',FlO.5//)
WRITE(G, INPUTS)
KJLE = KJP + 2
KJMX = KJLE + KJS + 1I

209 FORMAT( 8X7 'BLADE COORDINATES:', -

*//9X,'SUCTION SIDE',/3X,'KJ',7X,'S',13X,'N',13X,,'X',13X,,"('7 /)
ZZXY ZGAMMA*ZLE
WRAITE(6,270) KJLE,ZLE,ZZXY

K270 FORMAT(I5,!P4E!4.5)
DO 64 K = 1,KJS ,.-

KJ = KJLE + K
ZZXY = ZGAMMA*ZS(K)
i.mITE(6,270) KJrZS(K)7 ZZXY

64 CONTINUE
2e"( GAMMA*Z7E

* WRITE(S,270) KJMX,ZTE ZZXY'
* - W'TE (S,271)

271 FORMAT(//BX,'PRESSURE SIDE'./3X% 'KJ'7 7X7 'S'7 13X7
1 N',

* 13X ,'X '713X ,'Y ',I)S 7~.D<Y = ZGAMMA*ZLE
WRITE(S,270) KJLE7ZLEZZXY
DO 61 K = 1,KJP
KJ =KJLE - KI
ZZXY =ZGAMMA*ZP(K)
WRITE(67 270) KJZP(K)7 ZZXY

P61 CONTINUE
KJ = I
ZZXY = ZGAMMA*ZTE
WRITE(6,270) KJ,ZTE,ZZXY

I-.

ZDN =CMPLX(H7 G)
- 22 (ZT-ZN)/ZDNk

CI= PI*EX*(G*REAL(ZT-ZN)-H*AIM'AG(ZT-ZN))/(SO*SG)
* . PI*EX*(H*REAL(ZT-ZN)+G*AIMAG(ZT-ZN) )/(SG*SG)

R =EXP(-CHI)

ZPLUS = CMPLX(R*COS(XA),-R*SIN(X<A))-...
R = 1.0/R
ZfsINUS= CMPLX(R*COS(XA),R*SIN(XA))
DO 20 K = 1,KJS
7 '-' = (ZS(K)-ZT)/ZDN -.-
ZETAIS = ZPI*ZZT

ZEAS= CSIN(ZETAlS)
* ** Z.!N = (ZS(K)-ZN)/ZDN .w=.

ZET43S = ZPI*ZZN
ZETA4S = CSIN(ZETA3S)
ZFS =ZEIA2S/ZETA4S
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V RDS(K) =CABS(ZFS)

THS(K)= ATAN2(AIMAG(ZFS) ,REAL(ZFS))
20 CONTINUE %ew

DO 24 K = 1,KJP
ZZT'= (ZP(K)-ZT)/ZDN
2Z TAIP = ZPI*ZZT
ZFTA2P = CSIN(ZETAIP)
ZZN = (ZP(K)-ZN)/ZDN
Z'zTA3P = ZPI*ZZN

IEAP= CSIN( ZETA3P)
Z'FP = ZETAZP/7ETA4P 

L

RDP(K) = CASS(ZFP)
THP(K)= ATAN2(AIMAG(ZFP),REAL(ZFP))

24 CONTINUE
CNOW ADD THE LEADING- AND TRAILING-EDGE POINTS, AND STORE THE G(Z)

C ARRAY AS E(KJ)*EXP(I*THTCKJ)),WHERE KJ=1,KJMX AS YOU GO FRQM TE AROUND
C THE PRESSURE SIDE TO THE LE (K.J=KJLE) AND THEN ALONG THE SUCT-CN SI-DE .. *.

C BACK TO THE TE AGAIN (KJ=KJMX).
IF(ITE..EQ.l) GO TO 13
E(1)=O.O ___

THT(1 )=).0
G0 TO 14 :

13 ZETA2=CSIN(ZPI*(ZTE-ZT)/ZDN)
ZFTA4=CSIN(ZPI*(ZTE-ZN) /ZDN)
21-:P=ZETA2/ZETA4
E(1)=CABS(ZFP)p THT( I ATAN2(AIMAG(ZFP) ,REAL(ZFP))

14 IF(ILE.EG.i) GO TO 15
E(KJLE) = 1aE+0B
THT(KJLE) = 0.5*(THP(1)+THS(l))
GO TO 16 ,I

15 ZETAZ=CSIN(ZPI*(ZLE-Zr)/ZDN) _

ZETA4=CSIN(ZPI*(ZLE-ZIN)/ZDN)
Z'-P=ZEA2/ZETA4
E(KJLE) = CABS(ZFP) .*T.*,

THT(KJLE) = ATAN2(AIMAG(ZFP),REAL(ZFP))
16 DO 17 K = 1,KJP

KJ = KJLE - K
E (KJ )=RDP (K) O
THT(KJ)=THP(K)

17 CONTINUE
DO 16 K = 1,KJS
KJ = KJLE + K
E(KJ)=RDS(K)

18 THT(KJ)=THS(K)
E(KJMX) = EUl)
THT(KJMX) = THT(1)

C
C NOW ADJUST THE BRANCHES OF 0(Z) S0 AS TO BE CONTINUOUS ACROSS

* C THE CUT (ALONG THE NEGATIVE REAL AXIS) OF THE ATAN2 FUNC TON.
C

251 BR=0.0
KA=2
K8 KJLE + 1
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IF(ITE.EGR.O) KA 3
IF(THT(KA-1).GT.O.) BR =-1.

PO=7HT(KA-1)
252 DO 321 KJ=KA,KJLE

Ci-C=THT(KJ)-PO

PO2=THT(KJ)
IF (ABS(CHG).LE.PI) GO TO 321.1
IrF(CHGi.GT.PI) BR=Br--1.O
>l;(CHG.LT.-PI) BR=BR+1.C1

321 THT(KJ)=THT(KJ)+BR(*TPI
Ii;(ILE.EQ.1) GO TO 326
ER BR + 1.

THT(KB) = THT(KB) + BR*TPI
KSB=KB + 1

32~6 DO 327 KJ = KB,KJMX
CHG =THT(KJ)-PO

PO THT(KJ)
IF(ABS(CHG).LE.PI) GO TO 327
IF(CHG.OT.PI) BR = Bre - 1.
IF(CHG.LT .- PT) BR = BR +1. .

3277 THT(KJ) = THT(KJ) + BR*TPI
DOJ 323 K=1,KJP
TH:P(K) = THT(KJLE-K)

3 23 CONTINUE
DO 322 K = ,KJS
THS(K) = THT(KLE'K)

322 CONTINUE

DO 25 K =1,KjS
ARS =EX*rHS(K)

RS =RDS(K)**EX .6

RDSX(K) = RS
THSX(K) = ARS

P25 CONTINUE
DO 26 K = 1,KJP

A3 EX*THP(K)
RP =RDP(K)**EX

RD PX (.K RP
THPX(K) =ARP

26 CONTINUE
NR ITE (G,241)

241 FORMAT(//IOX,'BLADE-SURFACE IMAGES IN THE G PLANE (RAT IO OF',
* /SINES) AND CAP OMEGA PLANE(G**l/KAPPA) ,AND',

* / 9>' RADII AND ANGLES USED IN SELECTING THE PROPERI? v

/BRANCHES OF THE RATIO OF SINE FUNCTIONS ARE: '
//3X, J ', 15X, 'G' 25X, 'CAP OMEGA' 13X,''F/111X, ' HETA,
9 X,'R**E'l,,7X,lTHETA*EX',)

XS=E( 1)*COS(THT( 1))
YS=E( 1)*SIN(THT( 1))
RDTX = E(i.)*-*EX
TH-TX = EX*THT(l)
US =RDTX*COS(THTX) I.
VS = RDTX*SIN(THTX)
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W.'ITE(6,325) XSYS,LIS,VS,-(1) ,TH~T'1) ,RDTX,T-4TX
232 FORMAT'.15 11PSE14.5)
Z224 FORMAT(' LE ',IPSE14.5)%%
325 FORMAT(' TE ',1P8E14.5)

KJLM = KJLE - 1
DO 65 KJ 2,KJLM
K= KJLE -KJ

X= RDP(K)*COS(THP(K))
YR = RDP(K)*SIN(THP(K))
U= RDPX(K)*COS(THPX(K))

YO RDPX(K)*SIN(THPX(K))
WRITE(G,232)KJ,XP,YP,UP,VP,RDP(K),THP(K),RDPX(K),THPX(K,'

6' - CONTINUE
V.XS =E(KJLE)*COS(THT(KJLE))

YS = E(KJLE)*SIN(THT(KJLE))
RDLX =E(KJLE)**EX
7HLX = EX*THT(KJLE)

US~~~S = -XCC(HX

Y= RDLX*CS(THLX)

v. .FITE(G,324)XS,Y'S,US,YS,E(KJ'LE),THT(KJLE),RDLX,THL-X
KjMXM =KJMX - 1
K!LP =KJL= + 1
DOJ 31 KJ =KJLP,KJMXM

=Ki - KJLE .

=RDS(K)*COS(THS(K)) ~
YS = RDS(K)*SIN(THS(K))
U= RDSX(K)*COS(THSX(K)) ~

YS = RDSX(K)*SIN(THSX(K))N ~1E(,22)KJ,XSYS,US,YS,RDS(K),THS(K) RDS>UX(.),THSX (K)
3 1 CONTINUE

>2=E(KJMX)*COS(THT(KJMX))
YR =E(KJMX)*SIN(THT(KJMX))

RfDTX =E(KJMX)**EX ~-
THTX =EX*THT(KJMX)
UP = RDTX*COS(THTX)
Y= RDTX*SIN(THTX)

iRITE(G1 325)XP,'(P,UP,YP,E(KJMX),THT(KJM~X),RDTXTHTX
W-'ITE( 6,242) ZPLUS,ZMINUS

242 FORMAT(//10X,'POINTS AT INFINITY ARE LOCATED IN THE CAP 0!EGA',
* /PLANE AT:',

* //15X,'PLUS:',lP2E!5.4,' MINUS:',72.4 7 //)

C DETERMINATION OF ZC SUCH AS TO MINIMIZE THE RATIO RMAX/RMIN IN T1HE
C L.C. OMEGA PLANE

M=l
ZE = (ZMGA-ZMGB)/(ZPLUS-ZMINUS)
Z'- = (ZMGA*ZMINUS-ZMGB*ZPLUS)/(Z PLUS-ZMINUS)
ZG =(ZMGA*ZPLUS-ZMGB*ZMINUS)/(-PLUS-ZMINUS)

WITE(G, 601)
G01i FORMAT('IITER',1lX,'ZD',272X,'zs',22X,'ZC',163X,'ZOMSTr?',:9SX,'ZNTRD'

1/':3X,'RMIN',SX,'RMAX',7X,'RATIQ'/' (ZA'(KJ),KJ=1,KJMX)')

RATIO=O.O
T F(IGO.E3.1) GO TO SO

C FOR A FIRST GUESS, USE ZC=(-i.O,+1.O)
C
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rz ZC=CNPLX(-i .0,1i.0)

60 ZB = (ZMGA*ZPLUS-ZMGB*ZMINUS-ZC*(ZMiA-ZMGB) )/ (ZPLUS-'ZMJiNUS)
ZD = (ZM0B*ZPLUS-ZMGA*ZMINUS+(ZMOA-ZMGB) /ZC)/(Z LU-LS-' M.IUS'l

68 CONTITNUE
DO 75 K = 1,KJS 1
R= RDSX(K)

ARS = THSX(K)
ZOMS(K) =CMPLX(RS*COS(ARS),RS*SIN(ARS))
Zf1MS(K) =(ZD-ZB*ZOMS(K)/ZC) /(Z1-ZOMS(K )/ZC)

75 CONTINUE
DO 85 K = 1,KJP
RP = RDPX(K) ~J
ARP = T1HPX(K)
ZOMP(K) = CMPLX(RP*COSCARP),RO*S!N(ARP))
ZOMP(K= (ZD-ZB*ZOMP(K)/ZC)/(ZI-ZOMP(K)/ZC)

85 CONTINUE
Ic7(ILE.EGI.1) GO TO 11
ZOMLE = ZB
GO TO 12

1RD = E(KJLE)
T= THT(KLE)

RS = R D**EX
TH = EX*TH
ZOMLE = CMPLX(RS*CCS(TH),RS*SIN(THI)
Z:1MLE =(ZD-Z7B*ZC--MLE/ZC)! (ZlI-ZCML-E/ZC)

12 IF(ITE.EG.1) GO TO 32
ZO1MTE = ZD

Zl = ZOMTE
GO TO 33

32 RD=E(l)
THr=THT( 1)
RS=R D* *EX

ZOMTE=CMPLX (RS*COS (TH),RS*SIN (TH))
ZOMTE=(ZD-ZB*ZOMTE/ZC)/ (Z1-ZOMTE/ZC) *:-.

ZA (1)=ZOMTE
*33 DO 76 KJ =2,KJLM

K = KJLE -KJ

76 ZA(KJ) =ZOMP(K
ZA(KJLE) = ZOMLE
DO 77 K =1,KJS
KJ =KJLE --K

77 ZA(KJ) = ZOMS(K)
ZA(KJMX) = ZA(1
ZNTRD =CMPLX(0.0,0.0)

A'EA o 0
RMIN=CABS(ZA( I))
RM~AX=RMIN
ZMAX=ZA( 1) -

ZMIN=ZA(l.)
* KJMXX = .l

KJMN1l
DO 78 KJ = 2,KJMX
DAREA = ABSREAL(ZA(KJ-1) )*AIMACi(ZA(KJ) )-REAL(ZA(KJ) )*

AIMAG(ZA(KJ-1)))/2.0

r W r'



79PR (ZA(Kj-l)+ZA(Ki))/3..0 ~
ZNTRD = ZNTRD) + ZBR*DAREA
Rl BS=CABS(ZA(KJ))
ll(RABS.GE.RMIN) GO TO 7S
R.IIN=RABS
Z'91N=ZA(KJ)
I'JMN=KJ
GO TO 78

79 I'F(RABS.LE.RMAX) GO TO 78

2ZAX=ZA(KJ) '.*

!(JMXX = KJ
78 AREA = AREA + DAREA

RATrIQ=RMAX/RMIN
Z7JTRD = ZNTRD/AREA
ZOMSTR= ZC*(ZNTRD-ZD)/(ZNTRO-ZB)
W!RITE(6,6o2) ITE.RZDZB ZCZOMSTRZNTRD7 RMIN,RMAX, RAT-IO,

1 (ZA(KJ) ,KJ=1,KjIIX)
G02 FORMAT(/I5,lPl0E12.4/E:7.4,2El2.4/(10E13.5))

1r(RATIO.LT.RTOL) GO TO 63
AU(IGOT.EG.l) GO TO 63
VIER = ITER + I
I;(TRL.0 GO TO 62
;..3 1TE 1,6, Z4)

204 Fr'MAT(///I0X,'TCLERANCE SPECIFIED FOR RMAX!R.MIN NOr MVET IN',
* '30 ITERATIONS')

G-7 CONTINUE G O6

ZDS~l-l*ZMIN
KJ=KJMN

G 7 RD=E(KJ)**EX
TH=EX*THT(KJ)
ZOM=CMPLX(RD*COS(TH) ,RD*SIN(TH))
ZC= (ZOM* ZDS-ZG ) -ZE) /(ZDS+ZF-ZE*ZOM)
GO TO6GO

0.L5 M=l
ZDS=0.9 *ZMAX

* KJ=KJMXX

GO TO 67
63 IOOT = I I

* WRITE(6, 208) ZD,ZB,ZC ZNTRD,ZOMSTR
2tn8 FCRMAT(//1OX, 'CONSTANTS FOR MAPPING FROM '

'CAP OMEGA - PLANE TO SMALL OMEGA -PLANE ARE',
* //2X, 'A= ',1P2E2O..57 /20X, 'B =',1P2E20.5,/20X,.'C

* .P2E20.5,//20X, 'ZNTRD =',1P2E20.5,/20X, 'ZOMSTR ':E2O.).ft

C SET UP THE ARRAYS OF THETA AND LN(R)

*Jrr~. DO 41 .'J = iKJMXM
X(KJ) = ATANZ(AIMAG(ZA(KJ)),REAL(ZA(KJ)))

41 Y(KJ) = CA2.S(ZACKJ))
X(KJMX) = X(I) + TPI
YU(KJMX) = Y(l)
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C NOW ADJUST THE ARGUMENTS OF THE THETA ARRAY, SO AS TO BE CONTINUOUS
C ACROSS THE BRANCH CUT (ALONG THE NEGATIVE REAL AXIS) OF THE
C ATAN2 FUNCTION. THIS ADJUSTMENT ASSUMES THAT THE CONTOUR IS
C TRAVERSED IN A COUNTERCLOCKWISE DIRECTION.

7% C
BR =0.0
PO = Y(1)
KOUNT = 0
DO 410 KJ = 2,KJMXM
CHG = X(KJ) - PO ".'
IF(CHG.GT.O.) GO TO 409
IC(CHG LT.-PI) GO TO 408

Kl "UNT = KOUNT + 1

GO TO 409 ft
£108 BR = BR + 1.

40S CONTINUE
L PO = X(KJ)

X'(KJ) = X(KJ) + BR*TPI
410 CONTINUE "" "

IF(KOUNT.GT.0) WRITE(6,407) KOUNT
407 FORMA'T(//5X,'WARNING: THERE ARE',13,' NEGATIVE INCREMENTS',

* ' IN THE ANGULAR VALUES OF SMALL OMEGA ON THE 3LADE SURFA7E'--',
* //1OX,'CHECK WHETHER THE ZS AND ZP ARRAYS ARE INTERCHANGED',
" //IOX,'OR WHETHER R VS. THETA IS MULTIPLE-VALUED, IN AjHICH',,."

* " CASE:',//IOX,' - IF THE OPTION ICIRC = 0 IS BEING USED,',
THE NEGATIVE INCREMENTS MUST BE REMOVED.',//l3X,'TRY A',

' SMALLER VALUE OF R'TOL.',
* I/lOX,' - IF ICIRC = 1, NEGATIVTYE INCREMENTS ARE ALLOWED;',
* ' HOWEVER, IF THE PHI/S ITERATIONS FAIL TO CONVERGE',//13, .:'.-
* " TRY A SMALLER VALUE OF RTOL OR A LARGER VALUE OF ANGERR',
* ' OR BOTH.',//)

C
RMTN = 10.0
RMAX = 0.0

DO 4S K = 1,KJMX
IF(Y(K).LT.RMIN) RMIN = Y(K)

49 IF(Y(K).GT.RMAX) RMAX = Y(K)
WARSCH = SORT(RMAX/RMIN) - 1.0 , 'A
IF(WARSCH.LT.O.3 ) OM = 1.0
WRITE(S,202)
DO 43 KJ = 1,KJMX
ZSOMGA(KJ) = CMPLX(Y(KJ)*COS(X(KJ)) ,Y(KJ)*SIN(X(KJ) )

43 Y(KJ) = ALOG(Y(KJ))
C
C ZSOMGA NOW CONTAINS KJMX VALUES OF SMALL OMEGA ON THE BLADES'
C
C USE FFT TO FIND THE "'FOURIER COEFFICIENTS IN THE SMALL-OMEGA/ZETA
C MAPPING:

ZI = CMPLX(O.0,1.0)
SN = 64

N2 = 2*N
- NP1 = N + 1

NP2 = N + 2
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PBN = PI/FLOAT(N)
N32 =N/2
NB2P1 = NB2 + 1
ZNN =CMPLX(FLOAT(N),0.0) .,AZW2N =CMPLX(COS(PBN)YSIN(PBN))

cmmh1 1.0 -OM
DC 298 11=1,160
BETA (II) =0.
S(I-) =0.

298 CONTINUE

C FR IIRC= 1 SE UPTHE CONSTANTS FOR THE LN(R), THETA SPLINE
C

IF(ICIRC.EG3.0) CALL CISPLN(Y7 XEF,KjMX,11 28 ,1 )
0 THIS SECTION (ENTERED WHEN ICIRC=1') COMPUTES THE BETA AND SC COORDINATES, AND SET UP THE CONSTANTS FOR THE BETA AND S SPLINE
C FIT

cA
IF (ICIRC.NE..1) GD TO 297I ZA1(1) = CMPLX(O.,0.)
DI) 289 KJ = 21 KJMX

289 ZAl(KJ) = ZA1(KJ-l) + ABS(ZSOMGA(KJ)-ZSOMGA(KJ.1))
C CALL ZISPLN(ZSOMOA,ZA1,ZEEYZFF,KJM)<F1,128,l) sX

CsILL ZISPL-N(ZSOMGA,ZA1,ZEE,ZFF,KJMX,4,128,1'i
DO Z90 KJ =1,KJMX

*BETA(KJ) REAL(ZEE(KJ))
-90 S(KJ) =REAL(ZFF(KJ))

295 CALL CISPLN(BETAYS,EFKJMX, 1,128,2)
*297 CONTINUE

C
WRITEC6,243)

243 FORMAT(3X, 'BLADE-SURFACE IMAGE IN THE SMALL-OMEGA PLANE:',
* /3X,'XJ',6X,'REAL',10X,'IMAG',12X,'R',SX,'THETA'7  -

*14X,'S',14X,'BETA',/)

00 51 KJ = 1,KJMX
k'IITE(6,29S) KJZA(KJ) TEXP(Y(KJ) ) X(KJ) ,S(KJ) ,BETA(KJ)

*299 FORMAT(I5.,PGE14.5)
51CONTINUE

c
IF(ICIRC.EO.0) CALL THDORK
IF(ICIRC.EG.l) CALL SAUGRK(RMAXYRMIN)

C
C FIND ZETAA AND ZETAB
C

ZABST = ZMGA
Z88ST = ZMGB

-- RABST = 1.0
RBBST = 1.0
DRR = 0.1

*DTH = 10.0*PI/180.0
THA = -S.0*DTH
DO 21 1 1,9 .

R =.19 +DRR*FLOAT(I-1) *
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1).1 22 J =1,19

TH = DTH*FLOAT(J-1) + THA
ZTAGS = CMPLX(R*COS(TH),R*SIN(TH))
IF (ICIRC.EG3.0)

* CALL CMETA(A,B,ZMG,ZTAGS,ZTANSR,65l.E-00, )
IF(ICIRC.EQ3.1)

*CALL OMDZETA(ZOMTE,Z1,DR,DIL,ZMG,ZTAGS,ZTANSR'65,1 .OE-0:0,1,2-0)
R= CABS(ZMG-ZMGA)

IF(RA.GT.RABST) GO TO 23JA
RABST = R
ZABST = ZTAGS

2:3 ZTAGS = -ZTAGS
IF (ICIRC.EG.0)

CALL OMETA(A,B 1ZMGZTAGSZTANSR7 S5,1I..cE-007 1)
IF( ICIRC.EQ. 1)

*CALL OMDZETA(ZOMTE,Z1,DR,DI,ZMG,ZTAGSZTANSRS5,1.0E-00,1, 2Q-)
-: ~ R R CABS(ZMG-ZMGB)TO2

RBBST = RB
ZBOST = ZTAGS 7

22 CONTINUE
2CONTINUE
?TAGS = ZABST

iF(ICIRC.EO.0)
*CA! I OMETA(A,B,ZMGA,Z AGS,ZTANSR,5,1.)E-35,M)

*CALL OMDZA(OMTE,Z1,DR,DI,ZMGA,ZTAGS,Z;TANSR,65,1.CE90,1,-7)
IF(M.NE.5) GO TO 260
k'RITE(GYZG1) ZTAGS,RABST

261 I 'rMAT(//5X,'OMETA FAILED TO CONVERGE FOR ZETA A:',
* /lOX,'ZTAGS = ',lP2E-L3.5,' RABST =',El3.5)

slrOP
2:30 CONTINUE

ZETAA = ZTANSR
ZTAGS = ZB B ST

*I = 0
* IF (ICIRC.EG3.0)

* CALL OMETA(A,B,ZMGBZTAGS,ZTANSR,65, I.0E-05,M')
* 1F(ICIRC.EQ.l)
**CALL OMDZETA(Z7OMTE,Zl,DR,DI,ZMGB,ZTAGS,ZTANSR,65,1.OE-05,M,2-0)

IF=(M.NE.5) GO TO 262
.?ITE(6,263) ZTAGS,RBBST

263 FORMA7(//SX, 'OMETA FAILED TO CONVERGE FOR ZETA B:',
* /lOX,'ZTAGS = ',1P2E13.5,' RBBST =',E13.5)

2G2 CONTINUE
ZE748 = ZTANSR

C FIND GAMMA, ALPHA, BETA, AND S FOR MAPPING TO ETA -PLANE

C P CABS(ZETAA + ZETAB)

AM = CABS(ZETAA - ZETAB) i
A= CABS(ZETAA*ZETAB)
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C-lY (2.0-AP*AP+2.O*AB*AB)/AM/AM%
Rr SGRT(CHY*CHY-1.0)
CA =SQRT(ABS(CHY+RT))
C8 = SQRT(ABS(L-HY-RT))

Z1AM (2SS* ZETAAZTAB I S(ETZETAZZEA-ZT

245 OMAT(/1OXBES GUSS*(FOR ZETABA IS ZASTAB,1P.2 .3

23TE=(2.)ZETAAZTABA*ZTAZTA)/EAAE, -2C

215 FORMA ( 5X'ZTA /'( PE1.5T ZTA- Z'AEL5

45WRITE(6,216) ZALBTZM

216 FORMAT(//10X,'ALPHA GUS FORPETA3, BETAZBS ',E.,20.3

215 OMMA 5X=EA ' ,,2E11.3,' SEA 2E2E13.5)

218FOMA(// 5XHI(1) +BTTA

GAMMCRCEOA GO T2E 211S= ,E

PHI12) =()+PI~l

(1IE.)GO TO 211

E1 129)=S(KJMX)I
* CALL_ CISPLN( PHI ,EITHT,F, 129,1,1,2)

CALL CISPLN(PHITE,S,F, 123,2,KJMX,2) 7

2.1 CONTINUE

DO 54 K= KJMX

CAL CMSPLN(R*COS(X(K)),R*SIN(X(K))

CALL ECISPOR.K.IE.KJMX) ZYG Zi,2

54 RITE(G,218) KZY

21L C t MAW DO THE MAPPING FROM H MEAL OMPLAN TOLTHE TSO TILEA PLANE:,
C O 5HE4 ET/ = SN(K TLDE
C ~P(()

IF(K.E0.*-....*-EQ.KJMX) ZY. Z
ZC (K = ZYG . - -- ~ .-. .- ... ~ ~ ?*~-



AKOi = AK*AK
AKP =SORT(l.0-A(G)
AKM = AKP*AKP
CALL ELLPT(PS2,AK,R~L,1)
T3K = 2.0*RL
CTIR = -RL
CAPK =RL

CPPKPM = RL
WRITE(S,=2) AK ,CAPKAKPCAPKPM~

2222 FORMAT(//140X, 'COMPLETE ELLIPTIC INTEGRALS OF K AND K PRIME',
* 'ARE AS FOLLOWS:',

*//l0X,'K(',FIO .') = ',F10.G,5X,'K(',Fl0.S,') =',c)-.6'

DO 55 1 =1,KJMXLZA(I) ZGM*(ZCCI-ZAL/ZCC(I)-ZBT
C

V C' ZA(I) NOW HOLDS ETA

ZTD = ZA(I)ISS
ToU = REALCZTD)

D T=A7MAG(ZTD)

A T= 1.0 + AKG*(TSGl + DSG)
SG.RT((1.0-AKG*TSG)*(1.0-AKo*TSO) -~AKG*DSG, -'.0*

* (1.0+AKG*TSO)
* +AKO3*DSG))

SRO = 1.0 +TSQ-+-DSQ
B' T =SGRT((1).-TSQ)*(1.0-TSQ) + DSLD*(DSG+7.0+2..0*TSfl)

A'M= (BRG3-BRT)*(AR9T-RT)/4.o/AKG/TSQ 
'I

SGA =(TSG + DSG -ALM)
SGA =SGA/ (SGA+--1.O-ALM*AKG*(TSG+DSO))
Ir(TAU.EG.0.0) GO TO 403
RrALM = SORT(ALM)*TAU/ABS(TAU)

U C~TO 404
* 403 RTALM = 0.0

'104 SGN =1.0
IF(DLT..LT.0.0) SON =-1.0

RTSGiA = SGN*SURT(SGA)
RTALM = ASIN(RTALM)
RTSGA = ASIN(RTSGA)
CALL ELLPT (.R-ALM.AK ,RL, 0)
CALL ELLPT(RTSGA,AKP,AG,0.)

I (G.E.00)GO TO 57
-AG

R'- =-RL - TBK
57 ZAI(I) = CMPLXv(RLAG) 

-''

SJ CONTINUE
*C

C ZAI(I) NOW HOLDS KSI HAT

WRITE(6,219)
22 219 FORMAT(////10X,'MAPPING FROM THE ETA -PLANE TO THE KS: HAT-

*'PLANE',

* I/I X, 'KJ',15X. 'ETA',25X, 'KSl HAT',//)

B- 14



DO 5G K = IKJMX
kpi TE(G,2l8) KZA(K) 7ZA1 (K)

5n CONTINUE
C

C NOW SET UP A GRID IN THE KSI-HAT PLANE, AND MAP IT BACKH
-1TO THE Z -PLANE:

ZA2(l) =ZTE

ZA4"(KJMX) = ZTE
ZAZCKJLE) = ZLE
DO 91 KJ 2.KJLM
K = KJLE -KJ

91E ZA2(KJ) =ZP(K)

DO 92 K 1,KJS
KJ = KJLE + K

921 ZAZ(KJ) = ZS(K)
C
C THE ZA2 ARRAY NOW HOLDS THE BLADE-SURFACE COORDINATES, IN THE ORDER:
C K J = 1: TE
C KJ = 2,KJLM: PRESSURE SIDE, FROM TE TO LE

C KJLE: LE
* C KJ =KJLP,KJMXM: SUCTION STD 7 FO L OT

C KJ = KJMX: TE AGAIN

c7:. KM>IM = KMX -
LMiXMl =L'MX
HCPKPM =CAP'KPM/2.0

F~CPK 4.0*CAPKZd
ZAG =ZAL*ZGM

E'(INV = 1.0/EX
SHXTE =REAL(ZA1(l)) ~L
IF(SHXTE.OT.CTR) SHXTE =SHXTE-FCPK

SA-K = -CAPKPM*CAPKPM/4.0/(THCPK +SHXTE)
SHKINV = 1.0/SHK

*IF(ISHEAR.EQ.0) SHKINV =0.0

DSHX = 2.(0/FLOAT(KMXMI)
DSHY =1.0/FLOAT(LMXM1)
ZIG =ZI*SG

ZXYN = ZGAMMA*ZN
ZXYT =ZGAMMA*ZT
17EN CEXP(PI*ZXYN/SG)
ZET =CEXP(Pr*ZXYT/SG)

Z -.'1 = 1./ZEN
ZET I = 1 ./ZE T

*SGP SO/TPI

ZEETE =ZA(l)
ZI-A = 1. + SS*ZEETE
Z!-B = 1. - SS*ZEETE
Zt..C = ZEETE + SS

*ZLD =ZEETE - SS
*ZOO =ZAM*(l./ZLA + l./ZLB)*SS +ZAP*(1./ZLC -l./ZLD)

ZoG = ZI*(SS*(I./ZLA- l./ZLS) - ./ZLC - .IZ7LD)
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=SG/TPI

G *.J1~D

Z'ROOT = 4.*AK*(Z-A+AK*ZAP)*(ZAP+4K*ZAM)
Z1 OOT = ZROOT-GG*GG*AKM*AKM/00 ,G~rL ROOT = REAL(ZROOT)
ROJOT = SLORT(ROOT) rY
ZSPB = (AKM*ZI*GG/O - ROOT)/(2.*SS*(ZAM+AK*ZAP))
ALPO = ALP*180./PI

WUP SGRT(l.-+-G*GG-2.*GG*SIN(ALP))
VDN SORT(1.-LG*GGL-2*GG*SIN(ALP))

K. LJ'P =COS(ALP)/WUP

UDN =UUP

YDN =-(SIN(ALP)+0t3)/WUP

K Y'JP =-(SIN(ALP)-GG)/WUP

W" DN/WUP
ESETAi ATAN(tYUP/UUP)*lE80./PI
BETA2 =ATAN(YDN/UDN)*180./PI

t RITE(6,22G) ALPOLbtGZSPB,UUP,YUPBETAI 7UDN,YDN,3ETA2,WR
22-6 FORMAT(//IO0X, 'CONSTANTS FOR INCOMPRE SST BL -FLO~w SC UTr7ON R;7

* * //0X,'ANGLE OF ATTACK IN THE ETA - PLANE =',Fl0,5,
** //lOX, 'O = ' ,FlO.5,' =G F F1O. 5, 'ETA(-TcaCi.PT. )

2Fj:).,//x,'NL=ET U/W0,Y./W0,.ElTAl =',3Fl0.5,
* //5X,'OUTLET U/W0,(V/W0,BETAZW/Wo =',4Fl0.5,//)

L I
WFITE(6 , 22)
VlRITE(6,205)

*205 FO)RMAT(/5X,'MAPPING OF A GRID IN THE KSI-HAT PLANE',
* /5X,'AND INCOMPRESSIBLE-FLOW SOLUTION IN THE X," PLANE'~
* //3X, 'K L', 8X,~'KSI HAT',

* * 15X7 'ETA',16X,'ZETA',1lJX, 'SMALL OMEGA',
- * 10)<,'Z MAPPED'7J.4X,'Zx"'7l

* /13X, 'U/W0',G)X, 'Y/W0',7X, 'PHI ',7X7 'PSI ',//)
* £

* .CALL Z:ISPLN(ZSOMGAZCC,ZEEZFFKJMX,1,128,1)

C

* C K - LOOP STARTS HERE

760 CONTFINUE
SHX = -1.(0+DSHX*FLOAT(K-1)

C
* C L -LOOP STARTS HERE

* .770 CONTINUE
SHY=DSHY*FLOAT(L-1)
X IM =HCPKPM*(l.0-SH()

* ;. )IR (XIMHCPKPM)**2
11R= SHIXTE* TAOCPK*(1.0+SHX)+XIR*SHKIN.1

Z;XI(L,K) =CMPLX(XIR,XIM)
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C
C BYPASS IMAGE CALCULATIONS FOR POINTS T'HAT FALL ON THE IMAGES OF
C PLUS OR MINUS INFINITY OR THE T.E.
C

IF(ISHEAR.EG..0) GO TO 84
I (L.EG3.1.gND.K.EG.l) GO TO 73
IF(L.E0.l.AND.K,.EQ.&MX) GO TC 73

84 CONTINUE
l F(L.E03.LMX.AND.K.E0.4L) GO TO 74
I,(L.EL.LMX.AD.K~.EG.KMX) GO TO 74
iF(IOE.EQ.0) GO TO 80
IF(L.EG.LMX.AND.K.EG.XMXH) GO TO 81
GO To 80

C

73 ZEETA(L,K) =ZEETE

ZETA(L,K)= (ZBT*ZEETA(L,K)-ZAG)/(ZEETA(L,K)-ZI')
ZOMA(L7 K) =ZOMTE

ZFiNL ( L,( CMPLX (SHX SHY)'
-WILK= ZT'E*ZGA"MA

-FNP(LKI) = BG
GO TO 710

*74 ZEETA(L,K) =CMP!LX'%(SS,0. 0)
Z7ETA(LK) = ZETAA
Z 0,MA ( L., K ZME-A
ZF-NL(LK) CMPLX(SHX,SHY)
ZVEL(L,K) CMPLX(UDN,.DN)
ZP7NP(L,K) =ZBG

GO TO 710
81 ZEETA(L,K) =CMPLX(-SS,C'.0)

Z-TA(L.K) ZETAS
ZOMA(L,K) ZMGB
ZFNL(L.K) =CMPLX(SHX,SHY)

ZVEL(LK) = CMPLX(UUP,VUP)
*ZFNP(L,K) = ZBG

GO TO 710
-C

80 CONTINUE
* CALL JCELFNo(IR,XI!M7 AKGAKM,RLS,AGS7 1)

ZEETA(L,K) = SS*CMPLX(RLS,AGS)a
IF(L.NE.LMX) 00 TO 80
iF(K.LE.KMXH) iZEETA(L,K) = AZEETA(Li<) - ZEPS
=(1K..GT.KMXH) ZEETA(L,K) =ZEETA(LK) + ZEPS

80 CONTINUE
7ETA(L,K) = (Z'BT*ZEETA(L ,K )-ZAG) /(ZEETA(L,K )-ZGM')
'IF(L.NE.1) GO'TO 82

* .EE(1l) = ZETA(L,K)
CALL ZISPLN(ZSOMGA7 ZCC,ZEE,ZFF,KJMX,2, 1,1)
ZO7MA(L 7 K) =ZFF(1)
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71 7

* CALL OMT(,,OALKEALK)"T~~i6, O--0I

70CONTINUE
L = L +

I(lL.LE.LM() GO TO 770
K K '+ 1

L I
TIF(K.LE.KMX) GO TO 760 A
IF(ICIRC.E13.0) GO TO 763

C AT THIS POINT, GRID CALCULATIONS IN THE ZXI, ZEETA, AND ZETA PLANHS
C ARE COMPLETE, FOR ALL L AND K, AND IF ICIRO 0 THE SMALL-OMEGA-
C PLANE GRID HAS ALSO BEEN FOUND. THE FOLLOWING CALL CALCULATES THEc
C SMALL-OMEGA GRID FOR THE CASE ICIRC = i
C

K CALL OMZTDR(DR,DI,ZETABTZETAZOMA7KMX7LMX,-IOE)
763 CONTINUE

K 1
L 1

C761 CONTINUE

7 HEt- X AIND 1 - LOPS RESUME HERE

lF(L.EG..1.ANDn.K.EGl.1)' GO TO 711
lF(l_.EQ.l.AND.K.EI.KMX) GO TO 711
i :- UL EG.MX.AND.K.E0.l) GO TO 71:22
I F(L.E.LM-.Al D.K .E(3.KMX/) GO TO 712
i(IOE.E0.0) GO TO0 762

I"iL.EG.LMX.AND.K.EG.KMX<H) GO TO _712
762 CONT-INUE

Z2.OM=ZC* (ZOMA(L,K )-ZD) /(ZOMA(L,K )-ZB)
RAD =CABS(ZBOM) .-

*ARG =ATAN2(AIMAG,(ZBOM),REAL(ZBDOM))
* RADO = RAD**EXTNY

.R = EXINY*ARG
* ZBOMK =CMPLX((RADO*COS(ARGO) 7RADO*SI7N(ARGO))
*C

* CNOW FIND ZXY, GIYEN ZBOMK

ZLA K) SGP*CLOGt (ZET-ZBOMXI*ZEN)/(ZETI-ZBOMK*Z' ENI1)
IF(L.NE.1) GO TO 93
I-( (A IMAG (ZXY (L,K) )-'(Y(K-1 ,L) ).LT.-SZ) ZX" (L, K) X(, +ZI

I.'( (AIMAGi(ZXY(L,K) )-YY(K-1 ,L) ).GT.SZ) ZXY(L,K)= XL-( ZI
GO TO 90

*93 CONTINUE
IF((AIMAG(ZXY(L,K))-YY(K,L-.)).LT.-SZ)' ZX(Y(L K) ZXY'(LK. + ZIG
I-C(AIAMAG(ZXY(L-,K))-YY(K,L-1)).GT.SZ) ZX'((L7 K) ZXY(LK)-ZG

S0 CONTINUE
72 CONTINUE

ZFNL(L,K) =CMPLX(SHXSH'()

ZLA = 1. + SS*ZEETA(L,K)
!-B=1. - SS*ZE7ETA(L,K)

C ZEETA(L,K) + SS
ZLD ZEETA(L,K) -SS

L. B- 18
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ZW~E = f*(SS*(l./ZLA+1 ./ZLB)*ZAM+ZAP*(:./ZLC-1./ZLD))
iE= ZWE+ ZI*GG*(SS*(l./ZLA-1./ZLB)-l./ZLC-l./ZLD)

ZL A = CLOG(ZLA)
Z _B = CLOG (ZLB)

ZLC= CL.OG(ZLC) *

7LD = LLU(LD.J.'4
X-C = iREAL(ZLC)
XLD = 'RPAL(ZLD)
YLC = AIMAG(ZLC)AM
YLD = AIMAG(ZLD)
IF(YLC.LT.O.) YLC = YLC + TPI
IF(YLD.LT.O.) YLD = YID + TPI
ZLC = CMPLX(XLCPYLC)

D = CMPLX(XLD,YLD)
ZFNP(L,K) = 0*(ZAM*(ZLA-ZLB)+ZAP*(ZLC-ZLD))
Zt'NP(LK) = ZFNP(L,K)+ZI*GG,*(ZL-A+ZLB-ZLC-ZLD)

C CALCULATE :-HE YELOCITY .
C

rDR= ZDA
ZDC =ZETA(L,K) - ZBT
Z UC = ZGM*(ZAL-ZB7)/ZDC/ZDC

7R= Z D R*ZD C
I.- (TCIRC.EELC.)'

* CALL OM T ( , ,Z M r.ZE A :, )"-A~ 67, , ,
I C I!RS. E(3. 1

*71)LL OMZT(OTZ1D,
2 OR = ZDR/ZTANSR
ZDE = ZOMiA(L,K) - ZB

ZOE = ZC*(ZD-ZB)/ZDE/ZDE
27 = ZDIR/ZDE

Z, Z- 1 ("' K ) -.M

ZT= (Z--ZT)/Z-DN
*Z7N = (Z-ZN)/ZDN

Zr2 = CSIN(ZPI*ZZT)
Z!4 = CSIN(ZPI*ZZN)

Z.= CS7iN(ZPI*(ZZN-ZZT.))
='PI*ZBPOM*EX*ZT1/ZDN/ZT2/2 T4

ZDR = ZDR*ZDF ..-
Z'.EL(LK) = CDNJG(_ZWE*ZDR)/WUP
GOi TO 711

C

712 ZX)<Y ( L 7K) = .O*ZA(L,'IX-1) - ZA(LMX-2)
* 7:; WRITE(3,224) K,,X(,)ZET(,)ZT SKOAL !)

*ZFhL (L, K ) ZXY(L ,K)
IW': TE037 225)ZYEL(L,K) ,ZFNP(L,K)

*225 =ORMAT(SX,12F10.5)
29fL) = ZXY(L7 K)
X'X(K,L) = REPAL(ZXY(L.K))
',(K ,L) = AIi1AG(ZX")<(L,K))-

* ~ CONT7 i'IUE

DhAL.LE.LM1X) GO TO 761
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s. .6

WRITE (6,202)

I-(PNCHZA) WRITE(7,210) (ZA(L)?L=ILM),

K K + I

IF(K.LE.KMX) GO TO 761
70 CONTINUE

STOP
1 0 FORMAT(BF1O.4)
202 FORMAT(//i)
210 FORMAT(IP4E20.137 ,)

2,24 FORMAT(214,12Fi0.5)
END

SUBROUTINE CISPLN(Y,X,E,F,NP,IRTN,NRTN,NPD)
C THIS SUBROUTINE FITS A CUBIC SPLINE TO A FUNCTION Y(X), DEFINED BY

C NP PAIRS OF POINTS THE SECOND DERIVATIVE OF THE FUNCT.TON :'-
IS PERIODIC. IF NPD = 1, THE FUNCTION ITSELF IS ALSO

C PERIODIC, WHILE IF NPD = 2, THE FUNCTION INCREASES BY 2.,PI
C EVERY PERIOD, IN WHICH CASE THE DATA PASSED TO THIS

" C SUBROUTINE SHOULD HAVE THE PROPERTY THAT Y(NP) = Y(1) - Z.*PI;
C THE SUBROUTINE NILL THEN SET"
C Y(NP I) = Y(2) + (NPD-1)*2.*PI, AND
C X(NP+i) = X(NP) + X)2) - X(1) ,
C SOLUTIONS FOLLOW PAGES 9 - 15 OF
C THE THEORY OF SPLINES AND THEIR APPLICATIONS BY j. H. 'HLBERG,
C E. N. NILSON, AND J. L. WALSH, ACADEMIC PRESS, 1967

"" C
C.*

C NOTE THAT YIX,EAND F ARE, RESPECTIVELY, ORDINATE, ABSCISSAABSCISSA,
C AND ORDINATE.
C

IMPLICIT REAL(A-H,O-Y),COMPLEX(Z)
DIMENSION Y(160),X(16O),E(16O),F(1GO),BDA( 60),EM( 160),H(I6" ) r..
D"'-IENSION S(IG0),T(G0) ,V(160),D(160)
DTA TPI/S.2631853071795/

C |

- C THIS SECTION (ENTERED WHEN IRTN = 1) USES THE NP PAIRS OF INPUT-.
- C COORDINATES X AND Y TO FIND THE COEFFICIENTS OF THE SPLINE FIT.

C
C THESE COEFFICIENTS - HERE CALLED EM(KJ) - ARE THE SECOND DERi'ATI' - .

C OF THE FUNCTION.
C

IF(IRTN.EG.2) GO TO 20 ...
NPM = NP - 1

N = NP + I
DO 1 KJ = 2,NP "

1 H(KJ) = X(KJ) - X(KJ-1)
H,N) H(2)
DO 2 KJ = 2,NP

' 2 BDA(KJ) = H(KJ+1)/(H(KJ)+H(KJ+i))

B-20 _ _

,.l. -o



E() 0.
F ,I) ~

DL' 3 KJ =2,NPv M4
D 'L = 2. + (1.0 -BDA(KJ))*E(Ki-1)

E(KJ) -3DA(KJ)/DN
D--J)

*6.0*( (Y(Kj+1 )-Y(KJ) )/H(KJ+1I)
* -(Y(KJ)-Y(KJ-1) )/H(KJ))/(H(I<J)+H(KJ+I)) lkz

3 -(J) (D(KJ)-(1.0-BDA(Kj)*F(KJ-1fl)/DN

IF(NPD.EG.2) Y(N) =Y(N) + TPI
D (NP) =6.0*((Y(N)Y(NP))/H(2)

N:MM NP - 2
Tt.NP) =1.0

DO 61 I 1,NPMM j

TK)=E(KJ)*T.(KJ+l) + S(KJ)

V(J)=E(KJ)*EJ(IJ+) + F(KJ) +SKJEUN

FMN)= AB(D(NP)-BD(N)/10.0 0BD(P)*VNM,

F.-. 2 1 J 1,NRT

24 IF(AL E(KJ)E(JI +O TOK 23(j*E(

-1-E= A B X (NP) -X l )1 .

- C 2(") SECMTN(//1OWRNIN WHENTRY= N) RETURNS EXCEED !NED O AE'
VAUSO THEA',X ORIAE F A717' ASSIGE68 'E EXCEESC'ISSA )E.

24 F.L.X(SIZ)) GO T ( 7 21)23J 7 Xl

201 FORMAT(//10X,1 WARNING - ENTRY IN CISPLN ESXESDS TEN OFE 13AS'

* ARRAYE',/5X,'E(',3,') 6, I= LESS16, THANED X( ',E3IB.) *

D7B=A - X( 1)

IF(DF)LT (MSKJ-) WRIA+EM(KJ2)BB)/6.O(KJ)

'3 DXA *((J1-MK- Y*(J*(K)60(KJ) -

* + DXB*(Y(KJ)-EM(KJ)*H(KJ)*H(Kj)/G.o)/H(KJ)
*21 CONTINUE

RETURN
END
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SUBROUTINE ELLPT(AR,AK,ANS,KOMP)
IMPLICIT REAL(A-HO-Y),COMPLEX(Z)
D-t'IENSION SG(12)

DP'TA K111
DATA PI/3.1415926535897/

c
THIS SUBROUTINE EVALUATES THE ELLIPTIC INTEGRAL OF THE -ST KID-
WITH ARGUMENT AR (AN ANGLE IN RADIANS), AND PARAMETER AK (L REAL

C NUMBER).
C THIS EVALUATION USES EG.(14) OF: Y. L. LUKE, 'APPROXIMATIONS
C FOR ELLIPTIC INTEGRALS', MATH. COMP., VOL. 22 (JULY =S), PP 327-

* C KOMP = 0,1 FOR THE INCOMPLETE, COMPLETE INTEGRAL, RESPECTIVELY... C "- *"-' -

IF(K.GT• ) GO TO 11
K~= 2

TNP = 25.0
K:DO 10 M =1,12

THM = PI*FLOAT(M)/TNP
S = SIN(THM)

10 sg(M; = S*S
ii AKK AK*AK

S; 0.04
7LKOM?.E0.!) GO TO 407,1 = T AN ( AR ) .. :..

D 20 M = i,12
5:1 = 9GRT(I.,0-AK:X*SG(M)) .--. r
S=ATAN SG*TN)

2C SM SM -" T/SG
ANS = (AR + 2.0*SM)/TNP
RETURNJ

40 DO 41 M = 1,12
SG = SQRT(1.0-AKK*SG(M)) -. ,

41 SM = SM + 1.0/SG
613=PI*(1.0-+2.0*SM)/2.0/TNP

RETURN

END

SUBROUTINE JCELFN(RL, AG, AKO , AKM,RLS,AGS, M)

WHEN M.E .i..
C THIS SUBROUTINE RETURNS THE JACOBiAN ELLIPTIC SINE
F OF A COMPLEX ARGUMENT:
. RLS + I*AGS = SN(RL + i*AG,K)
C USING THE ARITHMETIC - GEOMETRIC MEAN FORMULA (SEE P.71, HANDBOOK
C OF MATHEMATICAL FUNCTIONS, ED. BY M. ABRAMOWITZ AND i. A. STEGUN,
C U.S. N'ATIONAL BUREAU OF STANDARDS, APPLIED MATHEMATICS SERIES, 55,

*'." C JUNE 1964) AND THE ADDITION FORMULA FOR THE SN (SEE EUATION 125.01
C P. 24, OF HANDBOOK OF ELLIPTIC INTEGRALS FOR ENGINEERS AND
*PHYSICISTS, BY P. F. BYRD AND M. D. FRIEDMAN, SPRINGER VERLAG, S54).
' AKG =K**2AKM 1 K**2

-C WHEN M.EG.2, THE GUANTITIES RETURNED ARE THE REAL AND IMAGINARY PARTS
C OF THE PRODUCT CN(..)*DN(..), WHICH IS THE DER:VATTIYE OF T"E SN" )
C
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IMPL-CIT- REAL(A-H,O-Y) ,COMPLEX(Z)L DIENSION A(20) ,B(20) ,C(20) ,PH(20)

ACl) = 1.0
B(1) = SGRT(AKM)
C(1) = SQRT(A1NQ)

5 00 6 1 = 2,20

B! I) =SQRT(A( I-1 )*B( I-i))

IF'(ABS(C(I)).LT.1.OE-09) GO TO 1
6 CONTINUE

WRITE(67 200) RL,AG
200 FORMAT(///10X,'JCEL-FN FAILED TO CONVERGE FOR Z =',lPZE15.4)

7 NM = I-I .
N =I

IF(K.EG.2) GO TO 20 
L-Pil-(N) = A(N)*RL*Z**NM

15 DO 11 L 1,NM

~PH(J) =(PH(J+1)+ASIN(C(J+1)*SIN(PH(J+1))/A(J+1)))/2.0

S(= SIN(PHI'1))
CNK = COS(PH(l))
DNK =CNK/COS(PH(2)-PH(l))

=~l 8(11)
CCI) =TMP

'20 PH (N) = A(N)*AGi*Z**NM zz
*0:1 TO 15

40'- SNP =SIN(PH(1))
CNP = COS(PH(1))
D\JP = CNP/CDSCPH(2)'-PH(l))
DNM = 1.0 - SNP*SNP*DNK*DNK
I :(M.EG.2) GO TO 50
r -S =SNK*DNP/DNM

AG CNK*DNK*SNP*CNP/DNM
RETURN

50 RLA = CNK*CNP
A GA = SNK*DNK*SNP*DNP
rei 8 = DNK*CNP*DNP

A' = AKG*SNK*CNK*SNP
*RLS = (RLA*RLB-AGA*AGB)/DNM/DNM

Ar-S =(-RLA*AGS-RLB*AGA)/DNM/DNM

F~.T

B- 23



SUBROUTINE OMETA(A ,B,ZMGA,ZTAGSZTANSR N1 EPS M)
lIvNALICIT REAL(A-H,O-Y),COMPLEX(Z)aID;MENSION A(G5),B(S5),ZC(65) .%I

c
C IF M.EG.0 7 <- s
C THIS SUBROUTINE USES NEWTON - RAPHSON TO rFIND ZETA(OMFGA): 7Z"TA IS A

C KNOWN VALUE OF OMEGA, ZTAGS IS THE IN:TIAL GUESS AT ZETA, Z'ANSR IS
C THE SOLUTi ON1 AND EPS IS THE TOLERANCE ON THE ANSWER.
C M IS RESET TO 5 AS AN ERROR RETURN IF THESE ITERATIONS
C DO NOT CONVERGE. .'- n-

C
C IF i1.EO.1.,, THIS SUBROUTINE RETURNS THE VALUE OF OMEGA (IN ZMGA)
C FOR A GIVEN VALUE OF ZETA (IN ZTAGS).

C IF M.EG.2, THE GUANTITY RETURNED (IN ZTANSR ) I S D OMEGA/D ZETA, FOR

C GIVEN VALUES OF OMEGA (IN ZMGA) AND ZETA (IN ZTAGS)

=CMPLX(1.0,0.0)

Z ETA = ZTAGS
NM = N-i1
IT = 1

5 CONTINUE
ZSMA = CMPLX<(A(N),B(N))
U=(M.EQ.1) GO TO 22
ZSMB =ZSMA*FLOAT(NM)
TP(M.EG.2) GO0 TO 40
D J 10 J = 1,NM
-firA =ZETA*ZSMA + CMPLX(A(N-J),B(N-J))

Z,,8=ZETA*ZSMB + CMPLX(A(N-J),B(N-J))*FLOAT(N~M-j)
1(1 CONTINUE

ZEXP =CEXP(ZSMA)
ZG ZETA*ZEXP - ZMGA
ZOG =ZEXP*(Zi + ZSMB)
79 rOLD = ZETA
ZETA =ZETOLD - ZG/ZDG
IP(CABS(ZETA-ZETOLD.LT.EPS) GO TO 20
17 = IT + 1
T=(CASS(ZETA).GT.1.0) ZETA 0.9 *ZETA/CABS(ZETA)
!1(IT.LE.50) GO TO 5
M= 5
RETURN

20~ ZTANSR = ZETA

REITURN
2 DO 211 J = 1,NM

ZSMA = ZETA*ZSMA +CMPL)X(A(N-J),B(N-J)) I
CCNTINUE
Zt XP =CEXP(ZSMA)
ZMEA =ZETA*ZEXP h

REzTURN
40 DO 41 J = 1,NM
41 ZSMB =ZETA*Z-SMB + CMPLX(A(N-J),B:N-J))*FLOAT(NM-J)

Z!A.NSR = Z'MGA*(Z1+ZSM1B)/ZTAGS
RETURN ~
END .- "
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[ SUBROUTINE SHAPE(C,H,G,EX,ZP,ZS,KJS,KJP)
lM3LICIT REAL(A-H,O-Y) ,COMPLEX(Z)
DIMENSION ZS(80),ZP(80)
DO) 10 K = 1,KJS

10 RSAD(5,100) ZS(K)
DC 20 K = 1,KJP

20 READ(5r100) ZP(K)
I C'0 FORMAT(BF10.0)

RETURN

SUBROUTINE SHUFL (NZA, ZCC)
C
C THIS SUBROUTINE TAKES THE N COMPLEX VALUES IN ARRAY ZA, WHICH WERE r
C COMPUTED AND STORED IN REVERSE BTNARY ORDER BY FF7 AND 'SHUFP-LES" r~~
C THEM INTO PROPER ORDER USING ARRAY ZCC FOR INTERMEDIATE STORAGE.
CN IS ASSUMED TO HAVE THE FORM 2**M.

C
IMPLICIT REAL(A-HO-Y) ,COMPLEX(Z)
DiM~ENSION ZA(G5),ZCC(65),IAL(G)YKR(64)
D4'TA KALL/0/
D~fA IAL/G*0/
IF (KALL.EL9.1) GO TO 10

KPL= I

D!-! 341 if?= 1,N
J = jp-
IAL(G) =J/32

J = J -32*IAL(G)

IAL(5) =JI1S

J =J IG1*IAL(5)

J = J - *IAL(4)
IAL(3) =J/4

J = J -4*IAL(3)

IAL(2) =J/2

J = J 2*IAL(2)
-IALU,) =J

341 KR(JP)
* 32*IAL( 1)+lG*IAL(2)+6*IAL(3)+4*IAL"(4)+2*IAL(5i)+IAL(S),

1V DO 342 J = 1,N
Y342 ZCC(J) =ZA(KR(J)+1)

DOl 360 JP = 1,N
3f"0 ZA(J'P) =ZCC(JP)

R-TURN-
END .-
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SUBROUTINE THDGRK

CTHIS SUBROUTINE MAPS AN OVAL TO A UNIT CIRCLE, USING A VARTANT OF
C THE 7HEODORSEN-GARRICK TRANSFORMATION AND FAST FOURIER TRANSFORI
C TECHNIGUES. (SEE REFERENCES AT BEGINNING OF MAIN PROGRAM).
C

IMPLICIT REAL(A-H,O--Y),COMPLEX(Z)
COMMON/TGINTG/N,NPi.,NP2,N2,NB2,NB2Pl,IP,:iPMX,ITP,WK,IIIX,KjM'X

COMMON/TGDBLE/PBNOMOMMANGERR,A,B,E,F,THT,PHI ,XFY,BETA,S,DR,DI
DTIMENSION X(I60),Y(160),E(lG0),F(160),THT(160),1*' *3ETA(160)rS(160)

Dt"MENSION PHI (130) ,A(65) ,B(G5) ,ZCC(G5) ,DR(65),DI (65),
* ZAC16S),ZAl(165),ZA2(165),%

* IWK(7)

DIMENSION ITP(100)

31DO 300 I 1,N2
300 PHI (I) =PBN*FLOAT( I-1)

DO 10 I=1,65
ZCC(I) = 0.
A(!) =0.

B(I) 0).
10 CONTINUE

DOj 11 I=l,160
iE(I) = 0.

WRITE(G,40")
1493?

K ~WRITE(G,401) -

401 FORMATI(//10X,'PROGRESS OF PHI /THETA ITERATIONS IS AS -OLLOWS:'//
1 3X,'IT',4X,'DEMX',4X<,'NO). OF THETA iREVERSALS')

C

ITC

*C FIRST GUESS IS THETA - THETA(TRAILING EDGE) =PHIj

DO 31 7 K = 1,N2

3L5 E(K) =(1 + PHI (K)j

C
'USE AJ AND BJ TO GET NEXT APPROXIM~ATION TO THET.A

C
ZCC(1A) =CMPLX(0.0,0.0)
DO 302 JP = 2,N -

302 ZCC(JP) = CMPLX(B(JP)/2.0,-A(JP)/2.0)
LC(NP) =CMPLX(0.0,0.o)

DO) 303 NP = 1,NBZP1
Z'- 1(NP) =ZCC(NP) + CONJG(ZCC(NP2-NP))

* 2W =ZW*ZW2N
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303 ZAZ(NP) ZW*(ZCC(NP)-CONJG(ZC C(NP2-NP)))
DO 304 NP = 1,NB2P1

304#(-(NP) = ZAI(NP) + ZI*ZAZ(NP)
DO 309 NP = 2,NB2

7itS Z7ANPZ'-NP)=L * CONJG(ZA1(NP)) + ZI*CONJG(ZfA2(NP))
CO-LL FFT(ZA,6,1WK)-
Ck'.L SHUFL(NZA, ZCC)
Bk1) = X(l) - PHI(1) - REA~L(ZA(1))
Diu306 K = 1,G4

!E2*K-l) = REAL(ZA(K)) +' PHI(2*K-1) + B(1)

L Thr(2*K-1) =E(2*K-1)
DEM = ABS(TMP-E(2*K-1))
IF(DEM.GT.DEMX) DEMX = DEM
E(2*K-1) =OM*E(2*K-1) + OMM*TfIP

Tr'P =E(2*K)
E (Z*K) = PAIMAG(ZA(K)) + PHI(2*K) +B(1)

THT(2*K) = E(2*K)
DM= ASS(TMP-E(2*K))

lr-(DEM.GT.DEMX) DEMX = DEll
i-,*)= OC*E(7*K) + OMM*TMP LL

3 G CONTINUE
!F(IT.NE.ITP(IP)) GO TO 840
Ip =IP+ I
k..ITE(G,841) IT Z i

-41 FORMPAT(/3X 7
*'THETA BEFORE AND AFTER RELAXATION AT IT ='?.14)

SY32 FORMAT(lP10E13.5)
E-0 CONTINUE

Th-(IT.GE.ITP(IPIX)) STOP

C NOW USE THESE THETAS TO GET THE NEXT APPROXIMATION TO LN R;(K)
C

CALL CISPLN(YXE,FKJMX,2, 128w 1)
C
C NOW. FIND THE AJ AND BJ COEFFICIENTS CORRESPONDING TO THE LN R(K.. DATA
C

DO 310 JP = 1,N
310 ZA(JP) =CMPLX(F(2*JP-1),F(2*JP))

DO1 307 NP 1,N
* 307 ZA(NP) = CONJGi(ZA(NP))

CPLL FFT(ZA,G,IWK)
Dfl 308 JP =1,N -

3f.8 ZA(JP) = CONJG(ZA(JP))/Z-NN
C'a..L SHUFL(N,ZA,ZCC)
ZA(65) = ZA(1)
DO 311 NP = 1,NB2P1
Zfkl(NP) = (CONJG(ZA(NP2-NP)) +ZA(NP))1.0

31.1 ZA2(NP) =ZI*(CONJCi(ZA'.NP2-NP)) - Z-A(NP))/2.0
Zl;=ZW2N

DO 312 NP = 1,NB2PI
ZW =ZW/ZW2N
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3. 2 Z'-CC(NP) = (ZAi(NP)1-ZAZ(NP)*ZW)/2.0 m
ZW =ZW*ZW2N S

NO NB2 +1I
f Z1(P-NP)+ZA2(NP2-NP)*ZW)/2.0

,J3ZCC(NP) =CONJG(ZBB)
A-1,) = REAL(ZCC~l))
2!:C(NP1)=0:.5 *CONJG(Z~l(1)-ZA2(l))
A(65) =REAL(ZCC(65))
Df- 314 NP =2,N

AfNP) = 2.0*REAL(ZCC(NP))
31.4 B(NP)l = 2.C*AIMAG(ZCC(NP))

C CHECK FOR CONVERGiENCELC
IF(IT.EQ3.1) DEMX = 1.0

WQ= 0
DO 8309 LL1 = 2,1283

B-S IF(E(LL).:L.E.E(LL-i)) NP'V NRY + 1
),VWTE(B,400) IT,DEM~X,NRV

40)0 FORMAT(I5,1PE12.37 12)
If=(DEMX.LT.ANGERR ) GO TO 316

'= IT
IF(IT.LE.IMX) GO TO 305
Wi- 11TE (6, 213)

213 FOR!'ATC//5X,'ITERATIONS FOR A AND B DID NOT CONVE.RGE')

S.O

316 WRITE(G,203) IT,OM,DEMX
203 FORMAT(//l0X,'A AND B ITERATIONS CONVERGED AT ITV * ' USINIG OM = ',FG.3,' .MA"IMUM ANGULAR ERROR

iPEiZ.3,' RADIANS')
WRITE (6, 220)

220 FORMAT(// 4X,'K',11X,'THET1A',15X,'PHI',//)
Dr'; 59 K = 1, 128

G2j WRITE(6,221) KYE(K),PHI(K)
'1 FORMAT(I57 1P2E20.6)

C -

RE" 7URN
END

SUBROUTINE BAUGRK (RMAXRMIN)
C

THIS SUBROUTINE MAPS AN OVAL TO A UNIT CIRCLE, USING THE
C HALSEY-jAMES AND FAST FOURIER TRANSFC.RM TECHNIGLJES.

IMPLICIT REAL(A-H,O-Y) 700MPLEX(Z)
C:IMMON/T-G.NTG/N,NP1 ,NP2,N2,N2NB2?1,1P7 I'MX, ITP, >P,(, IMX,KJMX"
CrIMMON/TGCMPX/Z:TZW2N,Z I,ZNN,ZA,ZCC,Z A1,ZA2.A
CIMMON/TGDBLE/PBN,OM,OMM,ANGERR,A,B,E,F,THT,PHI ,X,Y,BEr7A,S,DR~l.I---.
D!.MENSION X(I60),Y(:LGO),E(160),F(IG0),THTu1(o),
*BETA(1G0),S(lG0)
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DIMENSION PHI(1 30),A(G5),B(B5),ZCC-(65),DR(S5),DI(63),

D-MENSION ITP(100)

DO 8 7=1,N2+-1
8 PHt(!)=PBN*FLOAT(I-1) 'AM4

DO 9 I=I,NPI "
Zl:CC( I) =CMPLX(0. ,U.

D! (I) 2Q
9 CONTINUEL DO l0 I=1,16010 ETI) =0.

I1 0

C FIRST GUESS IS ABS(DOMEGA/D2ZETA) (RMIN+FRMAX',/2.

RAV= (RMAX+iRMIN) /2.
DO 11 J=1,N2!+i

!-P8N=PBN/2.
W- ITE(6, 401)

401 i ORMAT(//10.)X,'OROGRESS OF PHI/S ITERATIONS IS AS ul L L Ol:'/!
*D3X, 'IT' 4X, 'DSMX' GX, 'NO. OF PRG(DOMEGA/DZE7A) FREVE-RSA')-"

!P I.'E.MX) GO TO 801

F:1 4CONTINUE
D SMX)( .

E(l)=0.
DO~ 12 1=2,N2+1
THT (I) =E (I)

12 E( I)=E( I-I )+HPBN*(F( I)+F( I-i))
Ei' 13 I=2,N2+1
E(If=S(KJMX)*E(I)/E(N2+1)

TC (DS.L=E.DSM'X) GO TO 15

D -MXDS
I KA

15 CONTINJUE
7,SP=THT (I)
THT (I) =E (I)

EtZ)0=M*E(I)+OMM*TMP
1-3 CONTINUE

IF (IT.NE.ITP(IP)) GO TO 840
T HT (1) =E (1)

*~ p +3= PI
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WR-TE(6,841) IT
841 FORMAT (13X, 'S BEFORE AND AFTER RELAXATION AT IT =',14)

k. ITE(67832) (c( I)=1 ,N2+i

8*:12 P70RMIT(6.I3P ('E 3.) ,= N+
E40 CONTINUE

IF (IT,.GE.ITP(I;3M>X)) STOP

2 CH ECK FOR CONVERGENCE
c

IF (IT.ECl) DSMX-=1.

DO 809 LL=2,N2
8( S1 IF (E(LL).LE.E(LL-1)) NxrtV=NRV*1

W!R *TE(6,400) IT,DSlMX,NRY

C P (DSMX.LT.ANGERR) GO TO 5_001

C

CALL CT SPLN(BETA,S,E,THT,KJMX,, 128,1)

C CALCULATING THE ARG(DOM'EGA/DZETA)

P 2.2 = H P2,NFL OAT CN)
DO 14 1,=1 ,N2-

1 TIL-T ( I TT;- 1' :1) -PH.' 1 -P22
C
C NC:N FIND THE nKJ AND DRj COEF71CIENTS CORRESPONDTIC\O _ 7:
c A7?G(DCMEGA/DZ=ETA) DATA

DO 310' JP=1,.N
3W1 ZA(iP)=CMPLX<(THT(2*JP-1),THT(2*JP))

DO 30-7 NP=1,N
3,'7 ZA(NP)=CONJG(ZA(NP))

CP-L FFT,(Z*A,G,IWK)
D~i 308 jP1I,N

308 Z-A(JP)=CONJG(ZLA(JP))IZ-NN
Cr'..L SHUIFL(N , ZA, ZOO)

DO 311 NP=l,NB2P1
ZAJ(NP)=(CONJG(Z-:A(N P2 -NP))+ZA(N4P))/2.
.1 Z2(NP-ZI(CONJG(ZA)(NP2-NP) )-ZA(NP) )/2.

DO 312 NP=4:,NB2'Pi
ZW ZW! / Z W 2 N

312 ZClC(NP)=(Z7A1(NP)+Z- A2(NP),*2-W)/Z.

72:'3 l=2,NB.2

SNP=NBI2+I
ZB-B=(Z-AI(NP2-NP)iZA2(NP--NIP)*ZW)/2.

31'3 Z'CC'(NP)=CONJG(ZBB)
=REAL (C (1r

ZCC(NP:)=.5*CONJGOCZ Ai(1)-ZA2.!(1))
D1,(NP1)=REAL(ZCC(NPI))
DF[ 314 NP=Z,N
D (NP)=2.4reEAL(ZCC(NP))

2!:4 DR(-NP)i=-2,*A-UMAG3(ZCC(NP))
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C NOW USE DIJ AND DRJ TO GET THE NEXT APPROXIMATION OF
C Aes(DOMEGA/DZET7A)

p DODZTO=ALOG(E(2) /PBN)
Zi.C(±)=CM1PLX(0. p0.)
DO) 302 JP=2,N

10 2 '.CC(jP)=CMPLX(DR(JP)/2.1 D1(JP)/2.)
ZCC(NP1)=CMPLX(0. ,O.
Z - = Z1 / ZW 2N
DO 303 NP=I,NB2P1
:.l(NP)=WCC2NP)CN (C-(NZN)
ZU(NP)ZC(NP)CNGZCN2N

2 '3 ZA2 (NP)=ZW*(ZCC(NP)-CONJG(ZCC(NP2-NP)))
DO 304 NP=1,NB2PI

404 ZA(NP)=ZAl(NP)+ZI*ZA2(NP)

CALL FFT(ZA,G,IWK)
CALL S.HUFL(N,ZA,ZCC)
Di (I) =DGDZTO-iREAL(ZA( 1))

DO 20 K=1,N

F(2:*K-1)=EXP(DR(1)+REAL(ZA(K)))

2 CONTINUE -.. ~

Cz;- TO 999x -

900 WRITE(G,203) IT,OM,DSMX
21 :iRMAT(//10X, 'Di AND DR ITERATIONS CONVER~GED AT -77= ',13,

mK USING OM = ',FG.3,' MAX>IMUM ARC LENG7H ERROR

! PE2".3)
1%CAL CISPLN(BETA,S,ETHT,KJMXV,2, 128,1) \ -

7.-TE (G,220)

DO 69 K=I,N7
G') WRITE'61 22) )K,F(K) ,THT(K),PHI(K)

2Z: FORMAT~'I5,lP3E20.G
C

RETURN

SUBJROUTINE SIMPSON(Z0,A N,AB,M,N,ZI)
IN'PLICIT REALCA-H,O-Y) ,COMPLEX(Z)* 4
D'IENSION A(65)7 3(G5)
IP (ZO.NE.ZN) GO TO 11
ZI =0. -

RETUIRN
I CONTINUE .

Z'=CMPLX(2.*FLOAT(M),0.)
Z ,(ZN-Z0)/ZM
NII=N-1
Z5Z0=CMPLX(A(N),B(N))
2SZN=CMPLX(A(N) ,B(N))
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DO 10 J=l,NM
ZSZO=ZSZO*ZO+CMPLX(A(N-J,B,(N-J))

IC. ZSZN=ZSZN*ZN+CMPLX(A(N-J),B(N-J))U Z (=CEXP(ZSZO).CEXP(ZSZN)
2 1!=CMPLX(0. ,0.)
Z.'2=CMPLX(O. ,0.)
NM= 2 *M- 1
DO 20 1=1,MM
ZZ=ZO+CMPLX(FL"OAT( I) 0. )*ZHF ZqS'Z=CMPLX(A(N) 1B(N))
DO 30 J=1,NM

3t' 'SZZ=ZSZZ*ZZ+CMPLX(A(N-J),.(N-J))
T;7 (MOD(I,2).NE.0) GO TO 31

2 2=ZI2+CEXP(ZSZZ)
GO TO 32

3i ZII=ZI1+CEXP(ZSZZ)
3 CONTINUE
2~CONTINUE
1',=ZH*(ZIO+2.*ZI2+4.*ZII)/3.
R7T URN

1A ~END.a4

SUBROUTINE OMDZETA(ZOMST7 ZTSTRT,A,B,ZMGA,ZT-AGSrZTAS 7 N,ESr,N"S)

C THIS SUBROUTINE PERFORMS THE SAME FUNCTION FOR 7CIRC = 1 AS DOES
C c-m=TA PCIR ICIRC = 0, NAMELY:

Z GR M NOT EQUAL TO 1 OR 2, IT RETURNS ZETA (IN ZTANSR) FOR A
G-IVEN V.ALUE OF SMALL OMEGA TIN ZMGA), USING NEWTON-RAPHSON

C- POR M 2 1, IT RETURNS SMALL OMEGA (IN ZMGA) FOR A GIVEN VALUE
C L'F ZE-A (IN ZTAGS)
C - CCR M = Z, IT RETURNS D(SMALL OMEGA/D(ZETA (IN ZTANSR) FOR
C GIVEN V.ALUES OF ZETA (IN ZTAGS).
C T.-E INTEGRATIONS OF D(SMALL OMEGA)/D(ZETA) ARE DONE IN SUBROUTINE
C SIMPSON.

* C ZOMST IS THE VALUE OF SMALL OMEGA AT THE START OF THE INTEGRATION. .

* C ZTSTRT IS THE VALUE OF ZETA AT THE START OF THE INTEGRATION.
C NS IS THE NUMBER OF STEPS TO BE USED BY SUBROUTINE S:MPSON.
. N IS THE NUMBER OF A AND B COEFFICIENTS.

IMPLICIT REAL(A-H,O-Y) ICOMPLEX(Z)
DIMENSION A(65),B(65)
Z=CM4PLX(l. 0.)

21 :TAz=ZTAGS
i\M=N-1
IT= 10

5 CONTINUE17-7
= ZSMA=CMPLX(A(N),B(N))

IP (M.EQ.1) GO TO 22 ~*
Iq (M.CEG.2) GO TO 40
CALL SIMPSON(ZTSTRT,ZETA,A,B,NS,N,ZSM)
ZG~=ZSm+'Z0MST-2ZMGA -.-
DO. 10 J=1,NM

* 10 -SMA=ZSMA*ZETA+CMPLX(A(N-J),~B(N-J))
ZF)ri=CEXP(ZSMA)
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-ETOLD=ZETA
ZETA=ZETOLD-ZG/ZDG
IF (CABS(ZETA-ZETOLD).LT.EPS) GO TO 20

I' =1 T+lA
IF (CABS(ZETA).GT.1.) ZETA=.9*ZETA/CABS(ZETA)
IF (IT.LE.l00) GO TO 5

FcRETURN ,__ 20 ZTANSR ZETA l

RETURN
22 CALL SIMPSON(ZTSTRT,ZETAA,B,NS,N,ZMGA)

ZriGA=ZMGA+ZOMST

RETURN
40 DO 41 J=1,NM
41 ZSMA=ZSMA*ZETA+CMPLX(A(N-J),B(N-J))

Z iANSR-CEXP(ZSMA)
RETURN

SUBROUTINE ZISPLN(YX,E,FNP, IRTNNR7NNPD)

C THIS IS A COMPLEX-VALUED VERSION OF CISPLN.C THIS SUBROUTINE FITS A CUBIC SPLINE TO A FUNCTION Y'X', DEFINED B"-,....
C NP PAIRS OF POINTS. THE SECOND DERIVATIVE OF THE FUNCTIONC IS PERIODIC, WITH PERIOD 2*PI. IF NPD = 1, THE FUNCTION
C ITSELF IS ALSO PERIODIC, WHILE IF NPD 2 THE FUNCTN &EBY EVERY PERIOD: =X+2.*pi) Y(X) + T.*pI. SFCLUIN S FEA
C PAGES 9 - 15 OF
C THE THEORY OF SPLINES AND THEIR APPLICATIONS, BY J. H. AHLBERG,C E. IN. NILSON, AND J. L. WALSH, ACADEMIC PRESS, 1967
c

C NOTE THAT Y,X,E,AND F ARE, RESPECTIVELY, ORDINATE, ABSCISSA,AB.SCISSA,
C AND ORDINATE.
C

IMPLICIT COMPLEX(A-H,O-Z)
REAL SIZE,DF, DYDX, DA, DBDC,DL 

"D;MENSION Y(ISO,X(uSO),E(18O),F(16O),BDA(:SO),EM(IGO),H(iO)- 
-DIMENSION S(S0),T(160),V(160) D(160)

TPI = CMPLX(8.*ATAN(I.),o.)
! w ' ' C . , ...%

C THIS SE:TION (ENTERED WHEN IRTN = 1) USES THE NP PAIRS OF INPUT
C COORDINATES X AND Y TO FIND THE COEFFICIENTS OF THE SPLINE FI.
c
C THESE COEFFICIENTS - HERE CALLED EM(KJ) - ARE THE SECOND DERIU#T!-.JS
C OF THE FUNCTION.

.o V- V -
NPM = NP -.

NP +1
IF(IRTN.EG.2) GO TO 20'"....
It:(IRTN.EG.3) GO TO 30 -I (IRTN.EG.4) GO TO 40 

'

. %%
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DO 1 KJ = ,NP

I (NK)= X(KJ) -X(KU-1L)

DO Z KJ = ZNP
2 BrA(KJ) = H(KJ*1)/(H(KJ)+H(KJ+1))

E( 1 ) = CM1PLX<'.0.)
F(l) = CMiPLX(O.,0.)
S11) = CMPLX(1.,0.)
DO 3 KJ = 2.NP'

DN=2.0 + (1.0 - BDA(KJ))*E(KJ-1)
E(KJ) = -BDA(KJ)/DN
DkAJ) =
* .0*((Y(KJ+1')-Y(KJ))/HKJ+I-)

* -('((KJ)-'Y(KJ-I) )/H(KJ) )/(H(KJ)+H(KJ+1))
S('KJ) = -(1.0-BDA(KJ))*S(Kj-l)/DNA

3 i7(KJ) = (D(KJ)-(..--BDA(KJ))*F(KJ-1))/DN
Y()= Y(2)

IF(NPD.EG.2) Y(N) =Y(N) + TPI
D(NP) = G.o*( (Y(N)-Y(NP) )!H(2) -

* -(Y(NP)-Y(NPM))/H(.NP))/(H(NP)+H(2))%
N'M= NP - 2At -

T(NP) =CMPLX(l.,O.)

V (NP) = CMPLX(0.,O.)L CDO 6 I 1 ,NPMM
KJ=NP-I

T(KJ) = ;:rKJ)*T(KJ+l) +S(liJ)
Y('KJ) = ---KJ)*V(KJ+1) + F(,KJ)

£l CNTINUE

* (BDA(NP)*7(2)+(1.0-BDA(NP))*T(NPM) + 2.0)
DCj 4 I = 1,NPM
K. = NP - 1

4 EM~(KJ) = E(KJ)*EM(KJ+1) +F(KJ) + S(;<J)*EM(NP)
SIZE =ABS(X(NP)-X(i))/10.0
R~ETURN

c , 2
C 7TIS SECTION (ENTERED WHEN IRTN = 2) RETURNS NRTN IN7EFPOLA7ED
C, fl ALUES OF THE ORDINATE F AT ASSIGNED VALUES OF THE ABSCISSA ~
c

20o K J = 2
DO 21 J =1,NRTN

A E ( J
24 DA REAL(A) -REAL(X(KJ))

D- ATMIAG(A) -AIIIAG(X(K'J))

D= DA*DA + DL*DL
D ,= REAL(A) - REAL'.X(KJ-1)) 7--

*DL =ATrMAG(A) - AIMAG(X(KJ-1))
Di=DB*DB + DL*DL

DL. = REAL(X(KJ)) -REAL(XKJ-1))

DL = AIMAG(X(KJ)) -AIMAc 1 XKJ-1))
DC = DC*DC + DL*DL aI

1-tDA.LE.DC.AND.DB.LE.DC) GO TO 23
KJ = KJ + 1
IF(KJ.LE.NP )GO TO 24
Dr ABS(A -X(NP))
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I (DF.CiT.S.IZE) WRITE(S,2OO) j,E(J),NP,X(NP)
200 FORMAT(//10X,'WARNING - ENTRY IN CISPLN EXCEEDS END OF BASE '

* 'ARRAY',/5X,'E(',13,') = ',lP2EIS.B,' EXCEEDS X(',13,')=
*2EIG.a)

Di'= ABS(A - X(1))
IF(DF.LT.(-SIZE)) WRITE(S,201)J,E(J) 7X(l)

201 FORMAT(/.0X,'WARNING - ENTRY IN CISPLN IS LESS THAN T HF IRST',
4 eASE POINT',
/5)<,'E(',13,') l ,P2cE1G.B,' IS LESS THAN X(l) = 6

KJ =NP

'23 DXA =X(KJ) - A[D'<B =A - XCKJ-1)
LBA =DXA*DXA*DXA

CE8B =DXB*DXB*DXB

F(J) (EM'(KJ-1)*CBA+EM(KJ)*CBB)/6.0/H(KJ) -L+ DXA*(Y(KJ-1)-EM(KJ-1 )*H(KJ)*H(KJ)/6.o)/H(Kj)
+ DXB*(Y(KJ)-EM(KJ)*H(KJ)*H(KJ )/6.0) /H(KJ)

2~CONTINUE
RETURN

C
C THIS SECTO0N (ENTERED WHEN IRTN=3) CONVERTS THE NP PAIRS
C OF INPUT COORDINATES X AND Y TO INTRIN SIC COORDINATES
C BETA AND S, WHICH ARE STORED AS:

C BETA = REAL(E), S = REAL(F)
C NO~TE THAT THE SECOND DERIVATIVES OF THIS SPLINE FIT ''ERE
C ESTABLISHED IN A PR,-EVIJOUS CALL, IN WHICH TH~E FZUNCT ON SM"ALL 0OLlc*O-

C WAS PASSED IN Y, ANn THE APPROXIM"ATE ARCLENGTH IN >

30 D(1)=-H(2)*(EM(1)+EM(2)/2. )/3.+(Y(2)-Y(1) )/H(21)
Di. 31 KJ=2,NP .

31 D(KJ)=H(KJ)*(E-M(KJ-1)/2L.+EM(KJ) )/3.+(Y((KJ)-Y(KJ-1) )/H(KJ)
DG 32 KJ=1,NPd
DL = ATAl2(AIMAG(D(KJ)),REAL(D(KJ)))
E(KJ) =CMPLX(DL,0.)

32 IF (REAL(E(KJ)).LT.0.) E(KJ)= E(KJ)+TPI
* ~D~i 322 KK=2,NP .-

Ii=(REAL(EKREALEAL(-1f1).LT.-3.14159265)EKK=E(KK)+PI
322 CONTINUE

- E(NP) =E(l) + TPI
* F (l) =CMPLX(O.,0.)

Dy(DX =AIMAG(D(l1))/REAL(D(1))

n =:, SGRT (L.+DYDX*DYDX)*ABS(REAL(D(1)))
*~ D 33 K;=2,NP

DSDTO=DSDTK
DYeDX = AIMAG(D(KJ))/REAL(D(KJ))

9s-z-

J.

DYDX = AIMAG(D(KJ))/REAL(D(KJ))
D3DTK = SGRT(l. + DYDX*DYD>X)*ABS(REAL(D([iJ)))
DL - ABS(X(KJ)-X((KJ-1))

*3,,' F(KJ) =F(KJ-1) + DL*(DSDTO+DSDTK)/2.
ri, rURN
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C THIS SECTION (ENTERED WHEN IRTN =4) CONVERTS THE NP PAIRS

C OF INPUT COORDINATES X AND Y TO INTRINSIC COORDINATES
C BETA AND a-, WHICH ARE STORED AS:
c BETA = REAL(E)7 S = REAL(F)

40 CONT TNUE I -4'.:
DO41 KJ = T2,NP

41 H(J = XK - X(KJ-1)

H('N) =H(2)[DO 42 KJ ZN
42 BDA(KJ) H(IKJ+1)/(H(KJ)i-H(KJ+1))

E(1l) = CMPLX(O.,O.)
F(l) = CMPLX(0.,0.)

Sdl) =CMiPLX(.,0.)

DlC 43 KJ = ",NPM
D 2. + BDACK'J)*E(KJ-1)

E(KJ) = (BDA(KJ) -CMPLX('., 7 0.))/DN'

D K~J) = 3.*(BDA(KJ *(Y(1(J)-Y(KJ-1) )/H(W-)

+ (1))(.. 2DA(K j) k*-l(KJ+ -Y J+,<"4II: 5(KJ) 3 DA(Kj)*S(Kj-l)/DN
3 c(KJ) (D(KJ) - BDA(KJ)*F(KJ-1))/DN
Y(N) Y '((2)
It(NPD.E0.2) Y(N) = Y(N) + ITPI

D(NP) = 3.*(BDA(NP)*(Y(NIP)-Y(NPM.))/H.\P)

NPMM .NP - 2 *~ ~
T(NP) =CMPLX<(l.,0.)

Y(NP) CrIPLX(O. ,0.
DO 4G I 1,NPMM
K-! = NP -I

T(KJ) = E(KJ)*T(KJ+1) + S(KJ)
Y'K J) = E(KJ)*V(KJ+1) + F(KJ)

4 3 CONTINUE
* EM(NP) = (D(NP)+(BDA(NP)-CMPLX(1.,0.))*V(2)-BDA(NP)

**Y(NPM) )/( (CMPLX( 1. ,0.)-BDA(NP) )*T(2)+BDA(NP)*T(NP!W)
*+ CM1PLX(2.,0.))

DO 44 1= 1,NPM
KJ = NP-I

'14 EM(KJ) =E(KJ)*EM(Kj+1) + F(KJ) +S(KJ)*EM(NP)
SIZE =ABS(X~v(NP)-X(l))/10.

D47 KJ = iNP
47 D(KJ) = EM(KJ)

DO 48 Kj = 1,NP
* D = ATAN2(,AIMAO(D)(KJ1)),REAL(D(KJ)))
* EKj) =CM1PLX(DL7O).)

48 IF(REAL(E(KJ)).LT.0.) E(KJ) =E(KJ) +TPI
DO 422 KK = 2,NP
IF((REAL(E(KK))-REAL(E(KK-1) )).LT.-3.'41592S5)E(KK)=E'K-KTpr422 CNIUE
E(NP) =EUl) + TPI

* F~l) =CMPLX(0.,O.)
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D~'DX = AI.MAG(D(l))/REAL(D(l))
DSDTK = SOT(' +DYDX*DYDX)*ABS(REAL(D(l)))
DO 433 KJ = 2,NPI DSDTO = DSDTK
D''DX = AIMAG(D(KJ) )/REAL(D(KJ))
DSDTK = SLGRT(1.+DYDX*DYDX)*ABS(REAL(D(KJ)))

[ '33 F(Kj'b F(KJ-1) + D)L*(DSDTOiDSDT7K)/2.

r END

SUBROUTINE OMZTDR(DR,DI 7ZETABZTAZOMAKMX7 LMX, bOE)
if'.PLICIT REAL(A-HPO-Y) 7COMPLEX(Z)

C THIS SUBROUTINE INTEGRATES D(SMALL OMEGA)/D(ZETA) BY THE

C "RPZODL UET IND THE GRT IN TH SALOE PLANE. '

CDEIUTVS SO AS TO MAKE THE RESULTS PERIODIC.

DIMENSION ZTA( 10,4O) ,ZD)( 10,40) ,ZSTR(10) ,ZOMA(.10,40)
F! 7MENS ION DR(65),D>6(5'

4. CMPLX<('A.,0.)
DO 10 K = ,KMX
DO 20 L = 1,LMX
ZTAGS = ZTA(L,K)
'AL.L OMDZ ET AIZI 7' , DR,DI 7Z ,ZTAGS,ZT-ANSR,65, .. -2,1)
Z iY( L ,K) ZTANSR

2 0 CONTINUE
10 CONTINUE

K'IXH = (KMX+1)/2
K= KMXH-

K"IXP = KMX +1

C KP =KMXH 1

CINTEGRATE FIRST ALONG THE PERIODIC BOUNDARY:
C

KASE= I
2 7 I=(IOE.EG.l) GO TO 11

C IF ICE EGUALS 0/1, SMALL OMEGA =-1. IS NOT/13 A GRID POINT
C

CALL QMDZTETA(ZZ,Zl,DR7 DI,ZIL,ZETAB,Z TANSR,657I. 2.I
IcKASE.EG.2) ZTANSR = ZR*ZTANSR
Z M(MX, K M XH Z I +Z+). 5 ZAN S R+ ZD.YL )(K M XH))Z A L M)" K % %~

** -ZETAB) % , 6
cl' TO 12 ,F

: &2OMA(LMX,KMXH) -ZI a

r1? CONTINUE k -
DO 25 J 1,KM
K = KMXH -J
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25 DOMA(LMX,K) =ZOMA(LMX,K+1)+.5*(ZDV(LX,K)+'.'(LMX,K--))

*(ZTA(LMX,K)-ZTA(LMX,K+ 1))
IF(KASE.EG.2) GO TO 29

7,= 2.*Z?. *OA(MX l*Al

DO 26S K = ,KMXH
26 ZDVCLMX,K) = Z-R*ZDY(LMX,K)

KASE =2
L'1U- TO 27

SCONTINUE
DO0 29S 1 = I , K M '%H

29 ZOMA(LMX,KMXP-I) =ZOMA(LMXI)

CNOW~ iNTEGRATE7 FROM THE SLADE SURFACE TO THE PERIODIC BOLNDrYA-V:

DO 40 K = 1,KMX
F:. ZSTR(l) = ZOMA(11 K)
r -DO 41 L =2,LMX

.. STR(L) =ZST.R(L-'J).5O*(ZDY(LK)+ZDYUL-1!,K))*

(ZOMA(L~X7K) - ZOMA(~.,K))/(ZSTR'(L.MXv) -ZMC 7
DO 42 1 , 1LM X
42 ZY(L.~) =Z?*ZDY(L,K)
DO0 43 L 2,LMX

43 (TA(L,K)-ZAL1,J

o CCNTIUE

END

B- 38 .



Appendix C

DICTIONARY OF VARIABLES

FORTRAN SYMBOL ALGEBRAIC DEFINITION, USE, COMMENTSEQUIVALENT

A (J) , B (J) , 'Eq. 2-20, 2-21

AK * SEq. 2-23

AKP A'-Eq. 2-30

ALM A Eq. 2-3

CAP ~ ~~)Eq. 2-34

CAPPMK (')Eq. 2-.34

D LT 6'Eq. 2-28

DXIM, DXIR ')Eq. 2-38, 4-4

EXa See Figure 2

EXINV

G, H &,HSee Figure 1

HCPKPM (A),.
2

OM Relaxation factor used in
&mapping 0

PBN

PHI '

SGA Eq. 2-31

SS -'Eqs. 2-23

TAU Eq. 2-28
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~- 0

'%

FORTAN SMBOLALGEBRAIC
EQUIVALENTBO DEFINITION, USE, COMMENTS

TPI 2 7T

XIR, XIM R

ZA(N) ,~cuEq. A-9; used elsewhere

for temporary storage

ZE Eq. 2-9

zC Eq. 2-9

ZD 01 Eq. 2-9 .
ZIV

ZN, ZT, ZLE, ZTE zN z7  See Figure 1

ZAL, ZBT, ZGM , Eq. 2-22

ZAl(N), ZA2(N), , r.,See, for example, Eq.
ZCC(N) A-9. Also used for

temporary storage

ZBOM

ZBOMK -2

ZEETA

ZETA4

ZNTRD centroid of the W-plane

ZtOMSTR A-plane image of ZNTRO

ZOMS(K), ZOMP(K) w ,WP

ZPLUS, ZMINUS .2+ .Eq 1-

ZXI 4
ZXY
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Appendix D

LISTING OF METRIC GENERATOR PROGRAM

LEVEL 21.7 ( DEC 72 ) OS/36o FORTRAN H

COMPILER OPTIONS - NAME- MAIN,OPT-02,LINECNTm6O,SIZEOOOOK.
SOURCEE BCOICNOLIST.NODECK.LOADMAPNOEDIT, ID,XREF .-

C PROGRAM CIMTVL - A PROGRAM TO CALCULATE THE METRICS OF A COORDINATE
C TRANSFORMATION F3R TURBOMACHINERY CASCADES. FOR DOCUMENTATION,SEE:
C
C J. P. NENNI AND W. J. RAE, EXPERIENCE WITH THE DEVELOPMENT OF
C AN EULER CODE FOR ROTOR ROWZ , ASME PAPER 83-GT-36. MARCH 1983
C W. J. RAE, A COMPUTER PROGRAM FOR THE IVES TRANSFORMATION IN

C TURBOMACHINERY CASCADES, AFO)SR TR-81-0154, ADA096416, NOV 1980
C W. J. RAE, MODIFICATIONS OF THE IVES-LIUTERMOZA CONFORMAL-
C MAPPING PROCEDURE FOR TURBOMACHINERY CASCADES, ASME PAPER
C 83-GT-116, MARCH 1983
C W.J. RAE, REVISED COMPUTER PROGRAM FOR EVALUATING THE IVES
C TRANSFORMATION IN TURBOMACHINERY CASCADES, CALSPAN CORPORATION
C REPORT 7177-A-1, JULY 1983
C
C THE PR' GRAM READS A CARD DECK CONTAINING THE COORDINATES X(KL) ,
C Y(KL) , K 1,KMX 1 .LMX, AND FINDS BY FINITE DIFFERENCES
C THE METRICS OF A TRANSFORMATION TO A RECTANGLE(KSI,ETA). IN THIS
C RECTANGLE, THE IIAGE OF THE BLADE SURFACE LIES ALONG ONE SIDE, AND
C THE IMAGES OF THE POINTS AT INFINITY LIE AT CORNERS OF THE RECTANGLE
C (SEE TAE REFERENCES ABOVE). THE METRICS ARE WRITTEN ON TAPE 1.
C

ISN 0002 IMP-.ICIT REAL"8(A-H,O-Z)
1SN 0003 DIMENSION Q(410,6)
1 SN OOOA REA)(5,100) KMX,LMX(

ISM 0005 100 FORIAT(Z014)
ISA 0006 REA:.) 5,101) SG
IS, 0007 101 FOR''IAT(8 '10.4)

C
C SG IS THE SLANT GAP BETWEEN BLADES t-,.
C

ISN 0008 DO 10 K - I,KMX
ISNI 0003 KM1LMX - (K-i)*LMX
ISN 0010 LKA - KMILMX + 1
IS.) 0011 LKB - KMiLMX + LMX
ISN 0012 10 READB,5200)((Q(LK.5).Q(LK.6)).LK-LKA,LKB)
ISN 0013 200 FORMAT(IP4E2O.13)

C
C O(LK.5) CONTAINS X(KL), Q(LK.6) CONTAINS Y(KL)
C

ISA 0014 KM=KMX-1
ISt| 0015 LM-LMX-1

C
C --- SET X AND Y A' K=KMX AND LI-
C

ISN 0016 LK=KM*LMX(+I
ISN 0017 O(LK.5)-O(1,5)
ism 0018 O(LK,6)-Q(1,6) 0

C
C --- FINO X AND Y AT K-I AND L-LMX
C

IS;A 0019 O(L;.X.5)-2DO*9(LM.5)-O(LMX-Z.5)
I,') 0023 Q(L;-IX,6)=2DO*a(LM,6)-Q(LMX-2.6)

C
C ---- FIND X AND Y AT K-=MX AND L-LI4X
C
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ISN 0021 LK-KMX*LMX
ISN 0022 Q(L:,5)sZDO*O](LK-1,5)-Q(LK-2.5)
ISN 0023 Q(LK,6)m2D0*Q(LK-1,5)-0(LK-2,6)
ISN 0024 TDELXI-400/DFLOAT(KM)
(SN 0025 TOELZT-2D0/DFLOAT(LM)

C
(SH 0026 DO 520 K-1,KMX
(SN 0027 KMILMX-(K-()*LMX

C
ism 0021 DO 510 L=1,LMX
isN 0029 LK-KM1LMX+L
(SN 0030 LPI-LK+1
ISN 0031 LMI-LK-1
(SN 0032 KPI=LK+LMX
(SN 0033 KMI=LK-LMX

C
ISN 0034 IF(K.EQ.1) GO TO 501
(SN 0036 IF(K.EO.KMX) GO TO 501
(SN 0039 IF(.-EQ.1) GO TO 504
(SU 0040 IF(L.EO.LMX) GO TO 505 .

C
C -- K2 TO KM AND L-2 TO LM (CENTERED DIFFERENCES)
C

(SN 0042 DXDXI-(Q(KPI,5)-Q(KMLSfl/TDELXI
(SN 0043 DYDXI(Q((KPI.6)-Q(KM1,6) )/TDELX(
(SN 0044 DXDZT-(O(LP1,5)-O(LM1.5))/TDELZT
ism 0045 DYDZT-(O'LPI,6)-Q(LMI,6))/TDELZT
(SN 0046 GO TO 509

C
ISN 0047 501 IF(L.EO.() GO TO 510
(SN 0049 IF(L.EQ.LMX) GO TO 510

C
C -- K1 OR KMX AND L-2 TO LM
C

ISN 0051 LK2=LMX+L
SN 0052 LKKNI.(KM-1)*LMX+L
(SH 0053 DXDXI.(Q(LK2,5)-Q(LKKM,5))/TDELXI
(SN 0054 DYD((.(a(LK2,6)-O(LKKM,6))/TDELXI
(SN 0055 DXDZT-(Q(LP1,5)-Q(LM1,5))/TDELZT
ISN 0056 DYDZT-(Q(LPI,5)-O(LM1,6))/TDELZT
ISN 0057 GO TO 509

C
C -- L-1 AND K-2 TO KM

ISM 0059 504 LKI-KM1LMX+1
(SN 0059 LK2-LKI.1
(SN 0060 LK3-LK2+1
(SN 0061 DXDZT-(-300*0(LKI,S)+4000(LK,5)-(LK3,5fl/TDELZT
(SU 0062 DYD7T.(-3DO*(LK,)+4DO*(L:(2.6)-Q(LK3,6))/TDELZT
(SM 0063 GO TO 506

C
C -- L-LHX AND K-2 TO KM*
C

ISN 0064 505 LKS-(KFX-K)*LMX+LM
ISN 0065 LKB-KMILMX+LM
ISN 0066 DXDZT-(Q(LKS,5)-O(LKB,5) )/TDELZT
I SN 0067 DO-'IG
(Sri 0068 IF(K.GT.KMXH) DO--SG
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ISN 0070 DYDZTu(Qt LKS,6)+DO-0(LKR.6))/TDELZT

ISN 0071 506 OXD) lu(Q(KP1,5)-Q(KM1.5))/?DELXI
ISN 0072 DYDXlu(Q(KP1 ,6)-Q(KM1,6) )/TDELXI

C
ISN 0073 509 RDMiu(DXDXIDYDZT-DXDZT*DYDXI.)

C

004 C STORE DERIVATIVES IN THE ORDER DKSI/DXDKSI/OY.DETA/DX,DETA/DY

IS'l 0073 O(LK.Z)u-OXDZT/RDM1tISN' 0076 O(LK.3)u-YDXI/RDI
ISN 0077O(LK,4)w DXOXI/RDMl

ISN 0078 510 CONTINUE
ISN 0079 520 C0NrINUE

C , -

C STORE DERIVATIVES ON TAPE 1

ISN 0080 C KXLM*M
C WRITEC 1) KMX.LMX,LK4XC(O( IJ),Iu1,LKMX),3u1,4)I C
C

ISN 0087 STOP

ISN 0088 END

AD
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